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PREFACE. 



The aim of this work is to give a brief exposition of some 
of the devices employed in solving differential equations. 
The book presupposes only a knowledge of the fundamental 
formulae of integration, and may be described as a chapter 
supplementary to the elementary works on the integral 
calculus. 

The needs of two classes of students, with whom the author 
has been brought into contact in the course of his experience 
as a teacher, have determined the character of the work. For 
the sake of students of physics and engineering who wish to 
use the subject as a tool, and have little time to devote to 
general theory, the theoretical explanations have been made as 
brief as is consistent with clearness and sound reasoning, and 
examples have been worked in full detail in almost every case. 
Practical applications have also been constantly kept in mind, 
and two special chapters dealing with geometrical and physi- 
cal problems have been introduced. 

The other class for which the book is intended is that of 
students in the general courses in Arts and Science, who have 
more time to gratify any interest they may feel in this subject, 
and some of whom may be intending to proceed to the study 
of the higher mathematics. For these students, notes have 
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been inserted in the latter part of the book. Some of the 
notes contain the demonstrations of theorems which are 
referred to, or partially proved, in the first part of the work. 
If these discussions were given in full in the latter place, they 
would probably tend to discourage a beginner. Accordingly, 
it has been thought better to delay the rigorous proof of 
several theorems until the student has acquired some degree 
of familiarity with the working of examples. 

Throughout the book are many historical and biographical 
notes, which it is hoped will prove interesting. In order that 
beginners may have a larger and better conception of the sub- 
ject, it seemed right to point out to them some of the most 
important lines of development of the study of differential 
equations, and notes have been given which have this object 
in view. For this purpose, also, a few articles have been 
placed in the body of the text. These articles refer to 
Riccati's, BessePs, Legendre's, Laplace's, and Poisson's equa- 
tions, and the equation of the hypergeometric series, which 
are forms that properly lie beyond the scope of an introductory 
work. 

In many cases in which points are discussed in the brief 
manner necessary in a work of this kind, references are 
given where fuller explanations and further developments 
may be found. These references are made, whenever possi- 
ble, to sources easily accessible to an ordinary student, and 
especially to the standard treatises, in English, of Boole, 
Forsyth, and Johnson. 

For students who can afford but a minimum of time for 
this study, the essential articles of a short course are indicated 
after the table of contents. 
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Of the examples not a few are original, and many are taken 
from examination papers of leading universities. There is 
also a large number of examples, which, either by reason of 
their frequent use in mechanical problems or their excellence 
as examples j36r se, are common to all elementary text-books on 
differential equations. 

There remains the pleasant duty of making confession of 
my indebtedness. 

In preparing this book, I have consulted many works and 
memoirs; and, in particular, have derived especial help for 
the principal part of the work from the treatises of Boole, 
Forsyth, and Johnson, and from the chapters on Differen- 
tial Equations in the works of De Morgan, Moigno, Hotlel, 
Laurent, Boussinesq, and Mansion. I have in addition to 
acknowledge suggestions received from Byerly's " Key to the 
Solution of Differential Equations " published in his Integral 
CalciduSf Osborne's Examples and Rules, and from the trea- 
tises of Williamson, Edwards, and Stegemann on the Calculus. 
Use has also been made of notes of a course of lectures deliv- 
ered by Professor David Hilbert at Gottingen. Suggestions 
and material for many of the historical and other notes have 
also been received from the works of Craig, Jordan, Picard, 
Goursat, Koenigsberger, and Schlesinger on Differential Equa- 
tions ; from Byerly's Fourier^s Seines and Spherical Harmonics, 
Cajori's History of Mathematics, and from the chapters on 
Hyperbolic Functions, Harmonic Functions, and the History 
of Modern Mathematics in Merriman and Woodward's Higher 
Mathematics, The mechanical and physical examples have 
been obtained from Tait and Steele's Dynamics of a Particle, 
Ziwet's Mechanics, Thomson and Tait's Natural Philosophy, 
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Emtage's Mathematical Theory of ElectricUy and Magnetism, 
Bedell and Crehore's Altei^iating CurrentSy and Bedell's Prin- 
ciples of the Transfoiiner. These and many other acknowledg- 
ments will be found in various parts of the book. 

To the friends who have encouraged and aided me in this 
undertaking, I take this opportunity of expressing my grati- 
tude. And first and especially to Professor James McMahon 
of Cornell University, whose opinions, advice, and criticisms, 
kindly and freely given, have been of the greatest service to 
me. I have also to thank Professors E. Merritt and P. Bedell 
of the department of physics, and Professor Tanner, Mr. 
Saurel, and Mr. Allen of the department of mathematics at 
Cornell for valuable aid and suggestions. Professor McMahon 
and Mr. Allen have also assisted me in revising the proof-sheets 
while the work was going through the press. To Miss H. S. 
Poole and Mr. M. Macneill, graduate students at Cornell, I am 
indebted for the verification of many of the examples. 

D. A. MURRAY. 

Cornell University, 

April, 1897. 



PREFACE TO THE SECOND EDITION. 

I TAKE this opportunity of expressing my thanks to my 
fellow-teachers of mathematics for the kind reception which 
they have given to this book. My gratitude is especially 
due to those who have pointed out errors, made criticisms, 
or offered suggestions for improving the work. Several of 
these suggestions have been adopted in preparing this edition. 
It is hoped that the answers to the examples are now free 
from mistakes. jy ^ MURRAY. 

Cornell University, 
June, 1898. 
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DIFFERENTIAL EQUATIONS. 



CHAPTER I. 



DEFINITIONS. FORMATION OF A DIFFERENTIAL 

EQUATION. 

1. Ordinary and partial differential equations. Order and 
degree. A differential equation is an equation that involves 
differentials or differential coefficients. 

Ordinary differential equations are those in which all the 
differential coefficients have reference to a single independent 
variable. Thus, 

dy = cos a? da?, (1) 

dJ'y 



da? 



= 0, 



(^ + ^)f + ^|-(^ + «)=^' 



Mi] 



>/^. 



(2) 
(3) 



(4) 



= r. 



da? 
dy . a 

dx 
are ordinary differential equations. 

B 1 



(5) 



(6) 
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Partial differential equations are those in which there are 
two or more independent variables and partial differential co- 
efficients with reference to any of them ; as, 

ax ay 

The order of a differential equation is the order of the 
highest derivative appearing in it. 

The degree of an equation is the degree of that highest deriv- 
ative, when the differential coefficients are free from radicals 
and fractions. Of the examples above, (1) is of the first order 
and first degree, (2) is of the second order and first degree, 
(4) is of the first order and second degree, (5) is of the second 
order and second degree, (6) is of the first order and second 
degree. In the integral calculus a very simple class of differen- 
tial equations of which (1) is an example have been treated. 

Equations having one dependent variable y and one inde- 
pendent variable x will first be considered. The typical form 
of such equations is 

2. Solutions and constants of integration. Whether a differ- 
ential equation has a solution, what are the conditions under 
which it will have a solution of a particular character, and 
other questions arising in the general theory of the subject are 
hardly matters for an introductory course.* The student will 
remember that he solved algebraic equations, before he could 
prove that such equations must have roots, or before he had 
more than a very limited knowledge of their general proper- 
ties. This book will be concerned merely with an exposition 
of the methods of solving some particular classes of differential 
equations ; and their solutions will be expressed by the ordi- 
nary algebraic, trigonometric, and exponential functions. 

* For a proof that a differential equation has an integral, and for 
references relating to this fundamental theorem, see Note B, p. 190. 
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A sohUio7i or integral of a differential equation is a relation 
between the variables, by means of which and the derivatives 
obtained therefrom, the equation is satisfied. 

Thus y = smx is a solution of (1) ; 

ic2 4- ^2 _. ^ g^jj^j y _ ^^ ^ r^l -f m* 

are solutions of (4) Art. 1.* In two of these solutions, y is 
expressed explicitly in terms of x, but in the solutions of dif- 
ferential equations in general, the relation between x and y is 
oftentimes not so simply expressed. This will be seen by 
glancing at the solutions of the examples on. Chapter II. 
' A solution of (1) Art. 1 Is i/ = sin x ; another solution is 

2^ = sin a; + c, (1) 

c being any constant. By changing the value of c, different 
solutions are obtained, and in particular, by giving c the value 
zero, the solution y = sin x is obtained. 

A solution of ^ + y = (2) 

is ^ = sin Xf and another solution is y = cos x. A solution more 
general than either of the former is y=: Asinx-, and it includes 
one of them, as is seen by giving A the particular value unity. 
Similarly y = B cos x includes one of the two first given solu- 
tions of (2). The relation 

y = A cos x-\- Bsinx (3) 

is a yet more general solution, from which all the preceding solu- 
tions of (2) are obtainable by giving particular values to A and B, 

The arbitrary constants -4, J5, c, appearing in these solutions 
are called arbitrary constants of integration. 

Solution (1) has one arbitrary constant, and solution (3) has 
two ; the question arises : How many arbitrary constants must 
the most general solution of a differential equation contain ? 

* See page 12. 
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The answer can in part be inferred from the consideration of 
the formation of a differential equation. 

3,* The derivation of a differential equation. In the process 
of deriving (2) from (3) Art. 2, A and B have been made to dis- 
appear. To eliminate two constants, A and Bj three equations 
are required. Of these three equations, one is given, namely, 
(3), and the two others needed are obtained by successive 
differentiation of (3). Thus, 

y = Asmx + B cos x, 

-^ =A cos aj — 5 sin x. 
dx ' 

3^= — Asiiix — Bco^x: 
aar ' 

cPv 
wlience, _^ 4. y = 0. 

Now consider the general process. The equation 

/(«,2/^Ci,C2,...,c„) = (1) 

contains, besides x and y, n arbitrary constants Ci,C2, •••,€„. 
Differentiation n times in succession with respect to x gives 

dx dy dx 

ay , o s'f dy d*ffdy\i I y ^y-o 

dst^'^ dx dy dx "^ df\dxj '^ dy da? ' 

— — + • • • • -t- — = — ^ vf. 

daf ^ dydaf 

Between the original equation and the n equations thus ob- 
tained by differentiation, making n + 1 equations in all, the 

* See B. Williamson, Differential CalculuSy Art. 311 ; J. Edwards, 
Differential Calculus^ Arts. 606, 507. 



§ 3.] FORMATION OF A DIFFERENTIAL EQUATION. 5 

n constants q, Cj, •••, c« can be eliminated, and thus will be 
formed the equation 

Therefore, when there is a relation between x and y involving 
n arbitrary constants, the corresponding differential relation 
which does not contain the constants is obtained by elimi- 
nating these n constants from the ?i + 1 equations, made up of 
the given relation and n new equations arising from n succes- 
sive differentiations. There being n differentiations, the result- 
ing equation must contain a derivative of the nth order, and 
therefore a relation between x and y, involving n arbitrary 
constants, will give rise to a differential equation of the nth 
order free from those constants. The equation obtained is 
independent of the order in which, and of the manner in 
which, the eliminations are effected.* 

On the other hand, it is evident that a differential equation 
of the nth order cannot have more than n arbitrary constants 
in its solution ; for, if it had, say n + 1, on eliminating them 
there would appear, not an equation of the nth order, but one 
of the (n -f l)th order.t 

Ex. 1. From x^ + i/^ -\-2ax + 2by + c = 0, 

derive a differential equation not containing a, &, or c. 
Differentiation three times in succession gives 

x-hy^ + a + bp- =0, 

dx dx 

■HI)'-'{S)-»(S)-«. 

* See Joseph Edwards, Differential Calculus, Art. 607, after reading 
Arts. 6, 6, following. 

t For a proof that the general solution of an equation of the nth order 
contains exactly n arbitrary constants, see Note C, p. 194. 
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The elimination of b from the last two equations gives the differential 
equation required, 
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Ex. 3. Form the differential equation corresponding to 

y2 _ 2 ay + x2 = aS 
by eliminating a. 

Ex. 8. Eliminate a and /3 from (x - a)* + (y - P)^ = r^. 
Ex. 4. Eliminate m and a from y^ =: yj^ (flf2 _ 3.2), 

4. Solutions, general, particular, singular. The solution which 
contains a number of arbitrary constants equal to the order of 
the equation, is called the general solution or the complete inte- 
gral. Solutions obtained therefrom, by giving particular values 
to the constants, are called partiadar solutions. Looking on 
the differential equation as derived from the general solution, 
the latter is called the complete primitive of the former. 

It may be noted that from the relation (1) Art. 3 several 
differential equations can be derived, which are different when 
the constants chosen to be eliminated are different. Thus, the 
elimination of all the constants gives but one differential equa- 
tion, namely (2), for the order of elimination does not affect the 
equation formed. The elimination of all but Ci gives an equation 
of the (n — l)th order ; elimination of all but Cg gives another 
equation of the (n — l)th order ; and similarly for C3, •••, c«. So 
from (1), n equations of the (n — l)th order can be derived. 
Therefore (1) is the complete primitive of one equation of the 
nth order, and the complete primitive of n different equations 
of the (n — l)th order. The student may determine how many 
equations of the first, second, •••, (n — 2)th order can be derived 
from (1). ^^«%v« 

The general solution may not include all possible solutions. 
For instance, (4) Art. 1 has for solutions, ar^ -|- y^ = r*, and 
y = mx -h r Vl -h m^. The latter is the general solution, con- 
taining the arbitrary constant m, but the former is not deriva- 
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ble from it by giving particular values to m. It is called a sin- 
gular solution. Singular solutions are discussed in Chapter IV. 
The n arbitrary constants in the general solution must be 
independent and not equivalent to less than n constants. The 
solution y = ce*"^* appears to contain two arbitrary constants c 
and a, but they are really equivalent to only one, for 

y -h 06*+* = ce^e* = Ae', 

and by giving A all possible values, all the particular solutions, 
that can be obtained by giving c and a all possible values, will 
also be obtained.* 

The general solution can have various forms, but there will 
be a relation between the arbitrary constants of one form and 

those of another. For example, it has been seen that the gen- 

cPv 
eral solution of -t4 ■i-y = is 

y =A sinx -i- B cosx. 

But y = c sin (a? + a) is also a solution, as may be seen by sub- 
stitution in the given equation; and it is a general solution, 
since it contains two independent constants c and a. The lat- 
ter form expanded is 

y = c cos a sin aj + c sin a cos a?. 

On comparing this form with the first form of solution given, 
it is evident that the relations between the constants A, B, of 
the first form and c, a, of the second, are 

A = c cos a, and 5 = c sin a, 
that is, ^ 

c = -y/A^ -h B^f and a = tan~^ -r- 

If the solution has to satisfy other conditions besides that 
made by the given differential equation, some or all of the 
constants will have determinate values, according to the num- 
ber of conditions imposed. 

* See Note D for a criterion of the independence of the constants. 
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5. Geometrical meaning of a differential equation of the first 
order and degree. 

Take /(*'2/,|)=0, (1) 

an equation of the first degree in -p. It will be remembered, 
that when the equation of a curve is given in rectangular 
co-ordinates, the tangent of its direction at any point is -^. 
For any particular point (x^, y^, there will be a corresponding 
particular value of -^, say wij, determined by equation (1). A 

point that moves, subject to the restriction imposed by this 
equation, on passing through («!, y^ must go in the direction 
mi. Suppose it moves from (a?|, ^i) in the direction wij for an 
infinitesimal distance, to a point (ajg, y^ ; then, that it moves 
from (a;2> ^2) ^^ ^^^ direction 7%, the particular direction asso- 
ciated with (ajg, 2/2) ^y the equation, for an infinitesimal distance 
to a point (ajg, y^ ; thence, under the same conditions to (0:4, 2/4), 
and so on through successive points. In proceeding thus, the 
point will describe a curve, the co-ordinates of every point of 
which, and the direction of the tangent thereat, will satisfy the 
differential equation. If the moving point starts at any other 
point, not on the curve already described, and proceeds as 
before, it will describe another curve, the co-ordinates of whose 
points and the direction of the tangents thereat satisfy the 

equation. Through every point on the plane, there will pass 

dv 
a particular curve, for every point of which, x, y, -^, will sat- 

cix 

isfy the equation. The equation of each curve is thus a par- 
ticular solution of the differential equation; the equation of 
the system of such curves is the general solution ; and all the 
curves represented by the general solution, taken together, 
make the locus of the differential equation. There being one 
arbitrary constant in the general solution of an equation of the 
first order, the locus of the latter is made up of a single infinity 
of curves. 
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Ex. 1. The equation ^i? = _ ? 

dx y 

indicates that a point moving so as to satisfy this equation , moves per- 
pendicularly to the line joining it to the origin ; that is, it describes a 
circle about the origin as centre. 
Putting the equation in the form 

xdx-\- ydy = Q, 

it is seen that the general solution is 

a;2 + y2 _ c. 

The circle passing through a particular point, as (3, 4), is 

a;2 4- 2/2 _ 25, 

which is a particular solution. The general solution thus represents the 
system of circles having the origin for centre, and the equation of each 
one of these circles is a particular solution. That is, the locus of the 
differential equation is made up of all the circles, infinite in number, that 
have the origin for centre. 

Ex. 2. xdy ■\- ydx = (i 

has for its solution, xy = c, 

the equation of the system of hyperbolas, infinite in number, that have 
the X and y axes for asymptotes. 

Ex. 3. — - = w» 

dx 

having for its solution, y = mx -{■ c, 

has for its locus all straight lines, infinite in number, of slope m. 

6. Geometrical meaning of a differential equation of a degree 
or an order higher than the first. 



If / 



(-.^.1)=- 



is of the second degree in -^, there will be two values of -^ 

dx dx 

belonging to each particular point (xj, y,). Therefore the mov- 
^ ing point can pass through each point of the plane in either of 
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two directions ; and hence, two curves of the system which is 

the locus of the general solution pass through each point. 

The general solution, 

*(a?, y, <^) = 0, 

must therefore ' have two different values of c for each point; 
and hence, c must appear in that solution in the second degree. 
In general, it may be said: A differential equation, 



(«,.,!)=«. 



which is of the nth degree in -^, and which has 

dx 

<^(^, y, g) = 

for its general solution, has for its locus a single infinity of 
curves, there being but one arbitrary constant in <^ ; n of these 

curves pass through each point of the plane, since -^ has n 

dx 

values at any point ; and hence the constant c must appear in 
the nth degree in the general solution. 

The general solution of a differential equation of the second 
order, 

contains two arbitrary constants, and will therefore have for 
its locus a double infinity of curves ; that is, a set of curves 
00* in number. 

Ex. 1. ^ = 

has for its solution, y = mx + c, 

m and c being arbitrary. 

A line through any point (0, c), drawn in any direction m, is the locus 
of a particular integral of the equation. On taking a paiticular value of 
Cf say Ci, there will be an infinity of lines corresponding to the infinity of 
values that m can have, and all these lines are loci of integrals. Since to 
each of the infinity of values that c can have there corresponds an infin- 
ity of lines, the complete integral will represent a doubly infinite system 
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of straight lines ; in other words, the locus of that differential equation 
consists of a doubly infinite system of lines. 

This can be deduced from other considerations. The condition 

-=-| = requires, and requires only, that the curve described by the 

moving point shall have zero curvature, that is, it can be any straight 
line ; and there can be oo^ straight lines drawn on a plane. 

Ex. 2. All circles of radius r, oo^ in number, are represented by the 

equation 

{X - a)2 + (2/ - 6)2 = r2, 

where a and 6, the co-ordinates of the centre, are arbitrary. On elimi- 
nating a and 6, there appears 



{•-(in'-'S 



Thus, the locus of the latter equation of the second order consists of the 
doubly infinite system of circles of radius r. 

Ex. 3. The locus of the differential equation of the third order, derived 
in Example 1, Art. 3, includes all circles, oo^ in number; for it is 
derived from a complete primitive which has a, 6, c arbitrary and thus 
represents circles whose centres and radii are arbitrary. 

It will have been observed from the above examples on 
lines and circles, that as the order of the differential equa- 
tion rises, its locus assumes a more general character. 

EXAMPLES ON CHAPTER I. 



1. Eliminate the constant a from Vl — x^ -f Vl — y^ = a (x — y). 

2. Form the differential equation of which y = ce*^""** is the com- 
plete integral. 

8. Find the differential equation corresponding to 

y = ae^ + be-^ + ce*, 
where a, 6, c are arbitrary constants. 

4. Form the differential equation of which c (y + c)^ = x* is the com- 
plete integral. 

6. Eliminate c from y = ex -\- c — (^. 
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6u Eliminate e from aj^ = (j: — r)*. 

7. Form the differential equation of which «^ + 2 cxe^ + e^ = is 
the complete integral. 

8. Eliminate a and b from xjf = a^ -\- be-'. 

9. Form the differential equation which has y —. a cos (mx + 6) for 
its complete integral, a and b being the arbitrary constants. 

10. Form the differential equation that represents all parabolas each 
of which has a latus rectum 4 a, and whose axes are parallel to the x 
axis. 

11. Find the differential equation of all circles which pass through the 
origin and whose centres are on the x axis. 

12. Form the differential equation of all parabolas whose axes are 
parallel to the axis of y. 

18. Form the differential equation of all conies whose axes coincide 
with the axes of co-ordinates. 

14. Eliminate the constants from y = ox + bx^. 

Note. [The following is intended to follow line 6, page 3.] 

Ex. 1. Show that x^ -\- y^ = t^ is a solution of equation (4) Art. 1. 

Differentiation gives x + y^ = 0, whence -==- = 

° ^dx dx y 

Substitution of this value of ^ in 4 gives y = - — + r\\ + — , 

dx y ^ tr 

which reduces to x^ ■\-y'^ = r^. 



Ex. 2. Show that y = wx + rVl + m^ is a solution of (4) Art. 1. 

dy 
Differentiation gives — = m. 

Substitution of this value of ^ in (4) gives y = mx + rVl + w^. 
Ex. 8. Show that x2 + 4y = isa solution of f ^ J + x^ - y = 0. 

Ex. 4. Show that y = ax^-{-bx is a solution ^^^--^ + '^ = ^- 

Ex.5. Show that r = -+B is a solution of f^^ + - ^ = 0. 

r df^ r dr 

cpy 
Ex. 6. Show that y = ac** + 6e-** is a solution oi ^~ k^y = 0. 
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CHAPTER II. 

EQUATIONS OF THE FIRST ORDER AND OF THE 

FIRST DEGREE. 

7. In Chapter I. it has been shown how to deduce from a 
given relation between x, y, and constants, a relation between 
X, y, and the derivatives of y with respect to x. There has 
now to be considered the inverse problem : viz., from a given 
relation between x, y, and the derivatives of y, to find a re- 
lation between the variables themselves. As, for instance, 
the problem of finding the roots of an algebraic equation is 
more difficult than that of forming the equation when the 
roots are given; or as, again, integration is a more difficult 
process than differentiation ; so here, as in other inverse proc- 
esses, the process of solving a differential equation is much 
more complicated and laborious than the direct operation of 
forming the equation when the general solution is given. 
An equation is said to be solved, when its solution has been 

reduced to expressions of the forms lf(x)dx, I <f>(y)dy, even 

if it be impossible to evaluate these integrals in terms of 

known functions. 

/ dv d'^v\ 
The equation /fa?, y, -p, •••,-t4J = cannot be solved in 

dv 
every case. In fact, even P-p + Q = 0, where P and Q are 

functions of x and y, cannot be solved completely. It will be 
remembered how few in number are the solvable cases in 
algebraic equations ; and it is the same with differential equa- 
tions. The remainder of this book will be taken up with a 
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consideration of a few special forms of equations and the 
methods devised for their solution* 

This chapter will be devoted to certain kinds of equations 
of the first order and degree, viz. : 

1. Those that are either of the form fi{x) dx -{-f^^y) dy = 0, 

or are easily reducible to this form ; 

2. Those that are reducible to this form by the use of 

special devices : — 
(a) Equations homogeneous in a? and y. 
(6) Non-homogeneous equations of the first degree in x 

and y; 

3. Exact differential equations, and those that can be made 

exact by the use of integrating factors; 

4. Linear equations and equations that are reducible to the 

linear form. n 

8. Equations of the form fi(x)dx-\-f2{y)dy = 0. When an 
equation is in the form 

fi(x)dx-{-f2(y)dy = 0, 
its solution, obtainable at once by integration, is 



jf (x) dx 4- J7j (y) dy = c. 



If the equation is not in the above form, sometimes one can 
see at a glance how to put it in that form, or, as it is com- 
monly expressed, to separate the variables, 

Ex. 1. (1) (1 - x)dy - (1 + y)dx = 

can evidently be written ^ 

(2) -^ ^- = 0, 

l-{-y 1 -X 



* The student who is proceeding to find the methods of solving dif- 
ferential equations with no more knowledge of the subject than that 
imparted in the preceding pages, is reminded that he does this, (isauming 
(1) that every differential equation with one independent variable has a 
solution, and (2) that this solution contains a number of arbitrary con- 
stants equal to the number indicating its order. 



§ 8, 9.] HOMOGENEOUS EQUATIONS. 15 

whence, on integrating, 

(3) log(l + y)+log(l -aj)=c, 
and hence 

(4) (l + y)(l-a;)=cc = ci. 

In equations (3) and (4) appear two ways of expressing a general 
solution of the same equation. Both are equally correct and equally 
general, hut the one has the advantage over the other in neatness and 
simplicity, and this would make it more serviceable in applications. In 
some of the examples set, the reduction of the solutions to forms neater 
and simpler than those which at first present themselves, may require as 
much labour as the solving of the equations. The solution (4) could have 
been obtained without separating the variables, if one had noticed that 
(1 — x)dy —(^i + y)dx is the differential of (1 — x)(l + y). Here, as in 
the calculus and other subjects, the experience that comes from practice, 
is the best teacher for showing how to work in the easiest way. Equa- 
tion (1) can also be put in the form 

dy — dx—(xdy -r y dx) = 0, 

and another form of the solution obtained, namely, 

y — X — xy = C2. 

Solution (4) reduces to this form on putting C2 for Ci — 1. 

Ex.8, solve |+V^: = 0. . 

Ex.3, solve (,-x|) = «(.^ + 1). 

Ex. 4. Solve 3 e* tan ydx-\-(l — e') sec^ydy = 0. 

9. Equations homogeneous in x and y- These equations can 

be put in the form 

dy ^ fi (^> y) 
dx /2 {x, y)' 

where /i, f^ are expressions homogeneous and of the same 
degree in x and y. On putting 

y = vx, 
this equation becomes 

v-^x^=^F{v\ 
dx 
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since each term wifxffi, is of the same degree, say n. in x; and 
af is thus a factor common to both numerator and denominator 
of its right-hand member. 

Heparation of the variables gives 

dv _dx 

F(y) - V " ~x' 

the solution of which gives the relation between x and Vy that 
is, between y and ^, which satisfies the original equation. 

X 

Kx. 1. Solve (a;2 -|- y'^)(lx - 2 xydy = 0. 

Putting y = vx gives (1 + v^)dx — 2v(xdv + vdx)= 0, which, on separ 
ration of tlie variables, reduces to 

^ ^^dv = 0, 

X 1 -v^ 

Integrating, logx(l — t?2)= logr. 

On changing the logarithmic form to the exponential, and putting ^ ' 

for {% tlie solution becomes ^ 

x2 — y2 _ ex. 

Kx. 8. Solve ^ dx -f (xy + x^)dy = 0. 

Kx. 8. Solve x^ydx - (x^ + y^)dy = 0. I 

Kx. 4. Solve (4y + 3a;)^+y-2ic = 0. ( 

dx I 

10. Non-homogeneous equations of the first degree in x and y. \ 

Thtme eciiuitions are of the form I 

dy ^ ax + by-i-c .^. , 

dx a'x + b'y -}- c'' ^ ^ I 

For X put x' + hf and for y put y' -{-k, where h and k are I 
constants ; then dx = da;' and dy = dy', and (1) becomes i 

dy' __ ax' + by' + ah-\-bk -^ c i 

da;' "~ a'x' + 6'2/' -h a'h + 6'A; -j- c'* ' 

If Ji and A; are determined, so that | 

ah -\- bk + c = 0, 
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and a7i + 6'A:-fc' = 0, 

then (1) becomes ^' = ^^^-^^, (2) 

which is homogeneous in x' and y', and therefore solvable by 
the method of Art. 9. 
If (2) has for its solution 

the solution of (1) is^^ — /i), (y — k)= 0. 

This method fails when a : b = a' : b', h and k then being 
infinite or indeterminate. Suppose 

^ = i = l 
a' b' m 

then (1) can be written 

dy __ ax + by -\-c 
dx m(ax -f- by) + c' 

On putting v for oa? + by, the latter equation beeomes 

cto; mv + & 

where the variables can be separated. 

Ex.1. Solve (Sy-7x-^7)dx-\-(7y-Sx-\-S)dy = 0, 
Ex.2. Solve (y-3a; + 3)^ = 2y-a;-4. 

U. Exact differential equations. A differential equation which 
has been formed from its primitive by differentiation, and with- 
out any further operation of elimination or reduction, is said to 
be exact; or, in other words, an exact differential equation is 
formed by equating an exact differential to zero. There has 
now to be found the condition which the coefficients of an equa- 
tion must satisfy, in order that it may be exact, and also the 
method of solution to be employed when that condition is 
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satisfied. The question of how to proceed when the condition 
is not satisfied will be considered next in order. 

12. Condition that an equation of the first order be exact. What 

is the condition that 

Mdx + my = (1) 

be an exact differential equation, that is, that Mdx -\- Ndy be 

an exact differential ? In order that Mdx -f- Ndy be an exact 

differential, it must have been derived by differentiating some 

function u oi x and y, and performing no other operation. 

That is, 

du = Mdx -h Ndy, 

But du = -^dx -f -^dy, 

ax dy 

Hence, the conditions necessary, that Mdx -f Ndy be the differ- 
ential of a function u, is that 

Jlf=^, and JVr=^. (2) 

dx dy ^ ^ 

The elimination of u imposes on M, N, a single condition, 

dM dN 



-9 



dy dx 
since each of these derivatives is equal to 



(3) 



dx dy 
This condition is also sufficient for the existence of a func- 
tion that satisfies (1).* If there is a function w, whose differ- 
ential du is such! that 

du = Mdx + Ndy, 

then on integrating relatively to x, since the partial differential 
Mdx can have been derived only from the terms containing x, 

tt = j Mdx -h terms not containing x, 
that is, u = CMdx + F(:y). (4) 

* For another proof see Note £. 
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Differentiating both sides of (4) with respect to y, 

But by (2), -- must equal N, hence 
ay 

^Eyl=N-^fMdx. (6) 

dy dyJ 

The first member of (5) is independent of x ; so, also, is the 

second; for differentiating it with respect to x gives , 

dx dy 

which, by condition (3), is zero. Integration of both sides of 
(5) with respect to y gives 

F{y)=f^N^^fMdx]^dy-\-a, 

where a is the arbitrary constant of integration. Substitution 
in (4) gives 

u = CMdx^ C^N-^1. CMdx I di/ + a. 

Therefore the primitive of (1), when condition (3) is satis- 
fied, is 

fMdx-h CiN-^fMdx ldy = c. (6) 

Similarly, C Ndy + f \^M- j-^Ndy \dx = c 
is also a solution. 

13. Rule fpr finding the solution of an exact differential equation. 
Since all the terms of the solution that contain x must appear in 

I MdXj the differential of this integral with respect to y must 

have all the terms of Ndy that contain x\ and therefore (6) 
can be expressed by the following rule: 

To find the solution of an exact differential equation, 
Mdx + Ndy = 0, integrate Mdx as if y were constant, integrate 
the terms in Ndy that do not contain x, and equate the sum of 
these integrals to a constant. 
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Ex. 1. Solve (^x^ - ixy -'2y^)dx -{-(y'^ - ixy -2x^)dy = 0, 

Here, ^^ = — 4a; — 4y= — ; hence it is an exact equation. 
dy dx 

iMdx is 2 x^y — 2 xy2 . yi^y ig the only term in Ndy free from x. 

Therefore the solution is 

or 0* ~ 6 x'^y — 6 xy^ -\- y^ = c. 

The application of the test and of the rule can sometimes be simplified. 
By picking out the terms of Mdx + Ndy that obviously foim an exact 
differential, or by observing whether any of the terms can take the form 
/(u)dti, an expression less cumbersome than the original remains to be 
tested and integrated. 

For instance, the terms of the equation in this example can be rear- 
ranged thus : 

x^dx + y^dy-(ixy + 2y^)dx-{ixy + 2x^)dy = 0. 

The first two terms are exact differentials, and the test has to be applied 
to the last two only. 

Ex.2. xdx + y% + ^^^^ = 

becomes, on dividing the numerator and denominator of the last term 
by x^, 

xdx + ydy + — l-I— = 0, 

each term of which is an exact differential. Integrating, 

Z -f tan-^" = c. 
2 x 

Ex. 8. Solve (a^ - 2xy - y'^)dx -(x-^ y^dy = 0, 

Ex. 4. Solve (2 ax + by -\- g)dx + (2 cy -f ^c -f e)dy = 0. 

Ex. 6. Solve (2 x^y + 4 a:' - 12 xy^ -f 3 y2 _ xgy + e^)dy 

■\-{l2x^y+2xy^ + 4x8 - 4y« + 2ye^ - ey)dz = 0. 
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14. Integrating factors. The differential equation 

ydx — xdy=: 

is not exact, but when multiplied by —j it becomes 

r 

which is exact, and has for its solution 

X 

- = c. 

y 

When multiplied by — , the above equation becomes 

xy 

dx dy ^ 
X y 

which is exact, and has for its solution 

log x-'\ogy = c, 

which is transformable into the solution first found. Another 

factor that can be used with like effect on the same equation 
. 1 

Any factor a, such as --, — , ~, used above, which changes 

y^ xy XT 

an equation into an exact differential equation, is called an 

integrating factor, 

15. The number of integrating factors is infinite. The num- 
ber of integrating factors for an equation Mdx + Ndy = 0, is 
infinite. For suppose /x is an integrating factor, then 

II {Mdx 4- Ndy) = dw, 

and thus ?4 = c is a solution. 

Multiplication of both sides by any function of xi, say JXyi)^ 

gives 

fif(ti){Mdx -h Ndy) =f(u) du ; 
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but the second member of the last equation is an exact differ- 
ential ; therefore the first is also, and hence ixf{u) is an inte- 
grating factor of the equation 

Mdx -\- Ndy = ; 

and as f(y) is an arbitrary function of u, the number of in- 
tegrating factors is infinite. This fact is, however, of no 
special assistance in solving the equation. 

16. Integrating factors found by inspection. Sometimes inte- 
grating factors can be seen at a glance, as in the example of 
Art. 14. 

Ex. 1. Solve ydx — xdy-{-\ogxdx = {i. 

Here \ogxdx is an exact differential, and a factor is needed for 
ydx — xdy. Obviously — is the factor to be employed, as it will not affect 

the third term injuriously, from the point of view of integration. The 

exact equation is then 

y^c-xdy \o^^ 

X^ X^ 

the solution of which reduces to 

cx + y + loga; + 1=0. 

Ex. 2. Solve (1 + xy)ydx + (1 — xy)xdy = 0. 
Rearranging the terms, y dx -\- xdy + xy'^dx — xhf dy = 0, 
that is, d{xy) -{• xy^dx - x^y dy = 0. 

For this, the factor — — immediately suggests itself, and the equation 

X y 



becomes 



d(xy) ,(l^_dy_^ 
x:^ X y ~ 



1 x 

Integrating, h log - = ci, 

xy y 

and transforming, x = cye'^. 



It will be well to try to find an integrating factor by inspection, before 
having recourse to the rules given in Arts. 17, 18, 19. 



I 
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Ex. 3. a{x dy -\-2ydx) = xy dy. 

Ex. 4. (a:*c« - 2 mxj^) dx + 2 mxh) dy = 0. 

Ex. 6. 2/(2 xy + e*) dx - e'dy = 0. 



17. Rules for finding integrating factors. Rules I. and II. 

Rules for finding integrating factors in a few cases will now 
be given.* 

Rule I. When Mx -f Ny is not equal to zero, and the equa- 
tion is homogeneous, — is an integrating factor of 

Mx-\- Ny 

Mdx -h Ndi^ = 0. 

Rule II. When Mx — Ny is not equal to zero, and the 
equation has the form 

/i (xy)ydx 4-/2 {xy)xdy = 0, 

—- —r is an integrating factor. 

Mx — Ny 

Proof : 

Mdx + Ndy = i^^m + Ny)(^ -\-^\ + (Mz - Ny)(^ -^\\ 

is an identity. This may be written, 

(a) Mdx + Ndy = i| (Jfx + Ny)d • logxy 4- (Mx - Ny)d • log-| . 

if 

Division of (a) hj Mc-h Ny gives 

Mdx + Ndy , _ , , . Mx - Ny ^ , x 

-T- — . ,7. " -\d'\o%xy ■\- \ ^, . ^/ d-log- 

Mx-\'Ny * B y ' 2 jj^jp + JVTj^ ^ y 

^/ju N'u 

Now if Jtficte + Ndy is a homogeneous expression, t^ is homo- 

ic . 

geneous and equal to a function of -> and 



= i(|.logxy + }/^?jd.log 



Jlfx + JVy ^ o i^ ^^ ^^y oj^ 



or, since - = e^oR^, 



I 



* For a discussion on and determination of integrating factors, see 
George Boole, Differential Equations^ pp. 56-90. 
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Mdx + Ndy 



= Jd . logxy + Ji^f log^j(?- log^, 



— » 



itfx-l- Ny 

which is an exact differential. 

On dividing (a) by Mx — Ny, it becomes, 

31dx + Ndy .Mx + Ny^, . , ^ i ^ 

-Hi ifT^ = 2 17 TT^ -\ogxy-\-id' log-, 

Mx - Ny Mx — Ny => ^ • z » ^^ 

and if Mdx + iVdy is of the form fi(xy)y dx +f2(xy)xdy, this will be 

Mdx -^-Ndy _^ fi(x y)xy + Mxy)xy ^ ,^_^,^ , , , .^^ 

= Fi{xy)d '\o^xy-\-id' log -, 

= i^2(log a;y)(i • log ay + J d • log -, 
which is an exact differential. 

When 3fa; + iV2/ = 0, ^ = - 2^. Substitution for ^ m 

Mdx + iVSy = 
and integration gives the solution x = cy. 

When Mx — Ny = 0, — = ^. Substitution for — in the differential 

^ ' N X N 

equation and integration gives the solution xy = c. 

Ex. 1. Solve (x2y - 2 xy^)dx - (x* - 3 x^)dy = 0. 

Ex. 2. Solve Ex. 3, Art. 9, by this method. 

Ex. 3. Solve y(xy + 2x^^)dx + x{xy - x^^)dy = 0. 

la Rules III. and IV. 

dM__dN 
Rule III. When -i^ — is a function of x alone, say f(x), 

gj/(«)«to ig g^jj integrating factor. 



^ 
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For, multiplication of Mdx + Ndy = by that factor gives, 
say, Midx + Nidy = ; and differentiation will show that 

dM, dN, 
dy dx 

Ex. 1. (x^-{-y^-\-2x)dx + 2ydy = 0. 
Ex. 2. (a;2 + yi)dx -2xydy = 0. 

dN dM 

Rule IV. When — L is a function of y alone, say F(y), 

QlF{y)dt ig aji integrating factor. 

This can be shown in the same way as in the preceding rule. 

Ex. 3. Solve (3xV + 2xy)dx f (2x«y8 - x^)dy = 0. 
Ex. 4. Solve (j/^ + 2 y)(ix + (xy* + 2 y* - 4 ic)<iy = 0. 

19* Rule V. aj*"*"^"*y*"~^"^, where k has any value, is an 
integrating factor of 

x*^^ (my dx -\- nx dy) = 0, 
for on using the factor, the equation becomes 

-d(a;«*»y*")=0. 



K 



Moreover, when an equation can be put in the form 

x^^ (my dx -f nx dy) -\- x^y^i (m^y dx -\- n^x dy) = 0, 

an integrating factor can be easily obtained. A factor that will 
make x^^(mydx + nxdy) an exact differential is a;*"*"'^"*^*'*~^~^, 
where k has any value ; and a factor that will make 

x^yPi (miy dx -\- riiX dy) 
an exact differential is aJ*l"*l~^~«ly*l»l-l-^l, where kj has any value. 

* See L*Abb6 Moigno, Calcul Differentiel et Integral (published 1844), 
t. II., No. 147, p. 356; Johnson, Differential Eq^iations^ Art. 32. 
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These two factors are identical if 

Km — 1 — a = KiMi — 1 — «!, 
and KTi — 1 — ^ = Kiiii — 1 — j8i. 

Values of k and ki can be found to satisfy these conditions. 

Ex. 1. Solve (y« - 2yx'^)dx -\-(2xy^ - y^)dy = 0. 
Rearranging in the form above, 

y\ydx -\-2xdy) - x\2ydx + a;d2/) = 0. 

For the first term o = 0, i8 = 2, w = 1, n = 2, and hence x'^-^y^-^-^ is 
its integrating factor. For the second term a = 2, /9 = 0, m = 2, n = 1, 
and hence x^'-^-hfi^'^^ is its integrating factor. 

These factors are the same if 

K-l = 2ic'-l-2, 

and 2 K - 1 - 2 = <c' - 1. 

On solving for k and k', k = 2 = k\ and therefore xy is the common 
integrating factor for both terms. 
The equation when made exact is 

xy{y\ydx^-2xdy)-x\2ydx^xdy)}::z(i, 
... ^ - ?|^ = c, or x^\y^ - x2) = c. 

Ex.3. Solve (2x23/-3y*)dx+(3x« + 2xy8)(fy = 0. 
Ex. 8. Solve {y^-\-2xhf)dx-\-{2ofi-xy)dy = ^, 

20. Linear equations. A differential equation is said to be 
linear when the dependent variable and its derivatives appear 
only in the first degree. The form of the linear equation of' 
the first order is 

where P and Q are functions of x or constants. 

The solution of ^^Py=Oy 

dx ^ ' 

that is, of -^ = — Pdx, 

y 
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is y = ce~!^^, or yeS^^ = c. 

On differentiation the latter form gives 

which shows that e!'*^ is an integrating factor of (1). 

Multiplication of (1) by that factor changes it into the exact 
equation, 

ei^ (dy -{-Pydx) = ei^Qdx, 

which on integration gives 

or y = 6-I'^.| Cei^'^Qdx -\- cX ' (2) 

The latter can be used as a formula for obtaining the value 
of ^ in a linear equation of the form (1).* The student is 
advised to make himself familiar with the linear equation and 
its solution, since it appears very frequently. 

Ex. 1. Solve x-p — ay = x+l. 

This is linear since it is of the first degree in y and ■^' Putting it in 
the regular form, it becomes 

dy a _ X + 1 
dx X X ' 

Here P = - -, and the integrating factor ef'^ is — • 
z «• 

Using that factor, the equation changes to 

... y = f^dx+c, 

X* J x«+i 

X 1 

whence y = —^ h cx». 

1 — a a 

♦Gottfried Wilhelm Leibniz (1646-1716), who, it is generally admitted, 
invented the differential calculus independently of Newton, appears to 
have been the first who obtained the solution (2). 
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The values of P and Q might have been substituted in the value of y 
as expressed in (2). 

Ex. 2. Solve ^^+ v = e-*. 

Ex. 3. Solve C082 a; ^ + 2^ = tan a;. 

dx 

Ex. 4. Solve (x + 1)^ -ny = e*(x -|- l)»»+i. 

Ex. 5. Solve (a;2 + 1)^ -^2xy = ix\ 

21. Equations reducible to the linear form. Sometimes equa- 
tions not linear can be reduced to the linear form. In particu- 
lar, this is the case with those of the form* 

^+Py=Q!r, (1) 

where P and Q are functions of x. For, on di vidin gj)y 2^ and 
multiplying by (— n -f I), this equation becomes 

(-n + l)2/-~g+(-n + l)Pr"^^=(-n-fl)Q; 
on putting v for y""'^^ it reduces to 

^ + (l-n)Py=(l-n)Q, 
which is linear in v. 

Ex. 1. Solve ^^ly = x^, 

dX X 

Division by y* gives y-^ 5f? _l ?(_ _ /j.2, 

dx X 

On putting v for y-^, this reduces to -= 1? = — 6 a^, the linear form. 

Its solution is v = y^ z= cx^ -\- zJl., 

2 

* This is also called BernoullVs equatiouy after James Bernoulli (1664- 
1706), who studied it in 1696. 
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Note. In general, an equation of the form 

/'(y)2+iy(»)=«, 

where Pand Q are functions of x, on the substitution of v for /(y) becomes 

dx 
which is linear. 

Ex. 2. Solve (1 + y2)da; = (tan-i y - x)dy. 
This can be put in the form 

dx . 1 tan~^ y 

dy 1 + 2/2 - 1+2,2' 

which is a linear equation, y being taken as the independent variable. 
Integration as in the last article gives the solution 

X = tan-i y - 1 + C6"*»»"*i'. 

Ex. 3. Solve $?_^?« = 3x2J 
dx X * 

Ex. 4. Solve ^ + ^y = xv^. 
dx^ \ -x^ ^ 

Ex. 6. Solve3a:(l-a:2)2/2|y4.(2x2-l)y8 = ax8. 

EXAMPLES ON CHAPTER II. 
Eqtiations can sometimes he reduced to standard forms by substitutions. 
l.(«+y)2^=a2. [Puta;+y=t7.] b.{x^ --yx^)^^-y'^ -\-xy'^ = Q. 

2. .|-, = V^T7^. c^. l-2x^ ^ 

4. sec2a5tanydfa;+sec2 2/tana;dfy=0. * dx x-\-\^ y"^ 

8. (2a;-y + l)(?x + (2y-ic- l)(iy = 0. 
<^y I y _ a; + VI - x2 

*^ <^y y^ 

10. x/+5^ = y. 
dx X 

11. (x2 + y2 _ a2)a; <|aj _|_ (j;2 - y2 _ 52)^ ^y _ 0. 



30 DIFFERENTIAL EQUATIONS. [Ch. II. 

18. x2y(te-(a^ + y«)dy = 0. 15. (x^ -{- y^ -^ \)dx '-2xydy = 0. 

16. xdz-{- ydy = m{xdy — ydx). 

17. Integrate Ex. 16, after changing the variables by the transformation 

x = r cos 6, y = r sin ^. 

mm MP 

18. (l + e»')dx+e»fl --^(?y = 0. 21. ^ = ^V-xy, 

19. ;T^+ycos3c = 2r8in2x. 22- y<to + (aa;V - 2x)dy = 0. 

20. (x4-l)$?+l = 2e^. 28. (1 + 6y2 _ 33:%^ = SxyS-x^. 

dx "^ 

24. y(a;2 + yS + a2)^+ a;(a;2 + y2 _ a2) = 0. 

26. (x2y8 4- xy)dy = dac. 29. y dy + 6y2^ = a cos a; dx. 
y^=«^- 80. 2xydx-^(y^-x^)dy = 0. 

27. Va2 + a:2g + y = Va2T^-a:. 31. (xy^ - ^)dx -x^ydy = 0. 

28. (x+y)| + (x-y) = 0. 82. y-.| = .(l+..|). 

88. iSy + 2x-\-i)dx-(ix + 6y-{-b)dy = 0. 

84. (a:V + «V + xy+ l)y + (xV-K2y2-a^y+ 1)«^ = 0. 

ax 

86. (2x2j/«+y)<te-(*»y-3x)<Jy=0. 87. ^ + ?y = ^. 
»«• ^' + '='l = '=^|- 88. (.-y)«|=««. 
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CHAPTER III. 

EQUATIONS OF THE FIRST ORDER, BUT NOT OF 

THE FIRST DEGREE. 

22. Equations that can be resolved into component equations 
of the first degree. In what follows, -~- will be denoted by p. 

The type of the equation of the first order and nth degree is 
p- -f PjP^-' + P2p«-2 4- • • • -h P„-iP -h P„ = 0, (1) 

where Pi, P2) •••> Pn) are functions of x and y. 

Two cases appear for consideration, viz. : 

(a) where the first member of (1) can be resolved into 
rational factors of the first degree ; 

(b) where that member cannot be thus factored. 

In the first case (1) can take the form 

(p - R,)ip - B,) ... (p - i?„) = 0. (2) 

Equation (1) is satisfied by a value of y that will make any 
factor of the first member of (2) equal to zero. Therefore, to 
obtain the solutions of (1), equate each of the factors in (2) to 
zero, and obtain the solutions of the n equations thus formed. 
The n solutions can be left distinct or combined into one. 

Suppose the solutions derived for (2) are 

fi{^, Vy Ci) = 0,/2(a:, y, c^) = 0, •••,/„ (a;, y, c„) = 0, 

where Cj, C2> •••> c^> are the arbitrary constants of integration. 

These solutions are evidently just as general, if Cj = C2 = ••. 
= c„, since all the c^s can have any one of an infinite number 
of values ; and the solutions will then be 
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fi{^, y, c) = 0, f^ix, y, c) = 0, ••:,/„ (x, y, c) = 0. 
These can be combined into one equation ; namely, 

/i(«» y^ c)/2(a:, y, c) .../, {x, y, c) = 0. (3) 

Ex. 1. p8 + 2 xp^ - 2/2p2 _ 2 xy2p _ q, can be written 

p(p-^2x)(p-y^) = 0. 

Its component equations are 

p = 0, p-h2x = 0, p-y2=o, 
of which the solutions are 

y = c, y -\-x^ = Cj and xy + cy + 1 = 0, 

respectively. The combined solution is 

(y - c)(y + x2 - c){xy + cy + 1) = 0. 

When the equation in p is of the second order, sometimes the solution 
readily presents itself in the form (3) as in the next example. 

Ex. 2. Solve (^^J-ax^ = 0. 

dx 

1 6 

Integrating, ' y + c=±fa^x^. 

Rationalizing, 26(y + c)^ = 4 a:i^, 

or 26(y 4- c)^ - 4 ax^ - 0. 

Ex. 8. Solve p\x + 2 y) + 3p2(a; ^ y)^^y ^2x:)p = 0. 
Ex.4. Solve f^j =ax^. 

Ex.6. Solve 4y2p2 + 2pxy(3ic + l)4-3x8 = 0. 
Ex. 6. Solve |)2 - 7p + 12 = 0. 

23. Equations that cannot be resolved into component equations. 

Methods which may be tried for solving equation (1) of the 
last article, when its first member cannot be resolved into 
rational linear factors, (case (b) Art. 22), will now be shown. 
That equation, which may be expressed in the form 

/(^, y, p) = 0, 

may have one or more of the following properties. 
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(a) It may be solvable for y, 

(b) It may be solvable for x. 

The case where it is solvable for p has been considered in 
the preceding section. 

(c) It either may not contain x, or it may not contain y, 

(d) It may be homogeneous in a; and y, 

(e) It may be of the fiifst degree in x and y. 

24. Equations solvable for y- When the condition (a) holds, 
f(^y Ih P) = ^ can be put in the form 

^ y = F{x,p). 

, Differentiation with respect to x gives 



^=*(*'^'i) 



which is an equation in two variables . x and p ; from this it 
may be possible to deduce a relation 

The elimination of p between the latter and the original 
equation gives a relation involving x, y, and c, which is the 
solution required. 

When the elimination of p between these equations is not 
easily practicable, the values of x and y in terms of p as a 
parameter can be found, and these together will constitute the 
solution. 

Ex. 1. Solve X — yp = ap^. 

TT x — ap^ 
Here y = — . 

Differentiating and clearing of fractions, 

\ap'-hx)^ = p(l,-p^).'\ 

V 

This can be put in the linear form 

dx 1 ap 

x = 



dp p(l-i>=2) l-pf^' 
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Solving, X = (c-\- a sin -^p). 

Substituting in the value for y above, 

1 

y = — ap -\ (fi H- a sin-ip). 

Ex. 2. Solve y = x + a tan-ip. 
Ex.8. Solve 4y = aj2-(-p2. 

Ex. 4. Solve acp2 _ 2 yp -f- ax = 0. 

25. Equations solvable for x. When condition (b) holds, 
f(xy y,p) = can be put in the form 

Differentiation with respect to y gives 



^=K^'^'|) 



from which a relation between p and y may possibly be 
obtained, say, 

fiVi P, c) = 0. 

Between this and the given equation p may be eliminated, or x 
and y expressed in terms of p as in the last article. 

Ex. I* Solve a; = y + p2. 
Ex. 2. Solve x = y -\- a log p. 
Ex. 8. Solve p2y -\-2px=:y. 

26. Equations that do not contain x-, that do not contain y. 

When the equation has the form 

/(y, P) = 0, 

and this is solvable for p, it will give 
which is integrable. 
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If it is solvable for y, it will give 

y = F{p), 
which is the case of Art. 24. 

When the equation is of the form 

f{^, P) = 0, 
and this is solvable for p, it will give 

which is immediately integrable. 

If it is solvable for a?, it will give 

X = F(p), 
which is the case of Art. 25. 

It is to be noticed that in equations having either of the 
properties (c) Art. 23 and not solvable for p, on solving for 
X ov y the differentiation is made with respect to the absent 
variable. 

By differentiating in cases (a), (6), (c), there is a chance of 
obtaining a differential equation, by means of which another 
relation may be found between p and a; or y in addition to the 
original relation. These two relations will then serve either 
for the elimination of p, or for the expression of x and y in 
terms of p. 

Ex. 1. Solve y = 2p-\- 3p2. Ex. 8. Solve x^ = a^(l +p2). 

Ex. 2. Solve a;(l +p2)= i. Ex. 4. Solve y^ = a%l +1)2). 

27. Equations homogeneous in x and y. When the equation is 
homogeneous in x and y, it can be put in the form 



\ax xj 
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dy 
It may be possible to solve this for -^, and then to proceed 

(XX 

as in Art. 9 ; or to solve it for ^ and obtain 

which comes under case (a) Art. 23. 

Proceeding as in Art. 24, differentiate with respect to aj, 

i>=/(p)+^/'(l>)^5 

whence ^^ f'(p)dp 

^ P-f{p) 
where the variables are separated. 

Ex. 1. Solve y2 + xyp - x^ = 0. 
Ex. 2. Solve y = yp^ -\- 2px. 

28. Equations of the first degree in x and y. Clairaut's equation. 

When the condition (e) Art. 23, holds, the equation, being 
solvable for x, and for y as well, comes under cases (a) and (b) 
considered in Arts. 24, 25. However, there is one particular 
form of these equations of the first degree in x and y that 
is of special importance, namely, 

y=px-hf(p), 
which is known as ClairauVs equation,* 
Differentiation with respect to x gives 

whence « + /' {p) = 0, 

dp A 
or H^ = 0. 

ax 

* Alexis Claade Clairaut (1713-1765), celebrated for bis researcbes on 
tbe figare of tbe eartb and on tbe motions of tbe moon, was tbe first 
wbo bad tbe idea of aiding tbe integration of differential equations by 
differentiating tbem. He applied it to tbe equation tbat now bears bis 
name, and publisbed tbe metbod in 1734. 
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From the latter equation, it follows that p = c, and hence 

is the solution. 

The equation x +f'(p) = is considered in Art. 34. 

Any equation satisfying condition (e) can be put in the form 

If /i(p) = p, it is in Clairaut's form. By proceeding as in 
Art. 24 and differentiating with respect to x there is obtained 

P=Mp) + \xA'ip)+f2'(p)\% 

. dx^ f,'(p) ^ f,'(p) 
• • dp p-fi(p) P-Mpi 

which is linear in x \ and from this a relation between x and p 
may be deduced. 

The student should be familiar enough with Clairaut's form 
to recognize it readily. 

Some equations are reducible to this form; Ex. 2 is an 
illustration. 

Ex.1. Solve y = (l +/))x+p2. 
Differentiating, p = 1 -|- p -}- (x + 2p) -^. 

dz 

which is linear. Solving, 

x = 2(l -p)4- ce-P) 

and hence y=2 —^ -^-{1 -\- p)ce-P 

from the given equation. 

Ex. 2. Solve x^(y - px) = ypl^. 

On putting x^ = u, and y^ = v, the equation becomes 



which is Clairaut's form. 



dv . 
du 



(dvy 
\du) ' 



.'. V = cu 4- c^, 
and hence y^ = cx^ -f- c^. 
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Ex. 3. Solve y=zxp-\- sin ^p, 

Ex. 4. Solve e^*(p - 1) + e^p^ = 0. 

Ex. 6. Solve xy(y —px) = x -hpy- 

Solving for x or y may be of service in the case of equations of the first 
degree inp ; this is illustrated in Ex. 6. 

Ex. 6. Solve ^ + 2 a;y = x'^ + y'K 

The solution for y gives the equation y = x-j- Vp, 
v^hich is of the form discussed in Art. 24. 

The solution is y = x-\- 1±-^. 

c -- e^x 

29. Summary. What has been said in this chapter con^ 
cerning the equation f(x, y, p) = 0, of degree higher than the 
first in p, may be thus summed up : 

Either solve f(x, y, p) = for p, and obtain a solution cor- 
responding to each value of p ; or, 

Solve for y or x, and, by differentiating with respect to x or 
y, obtain an equation, whence another relation between p and 
X or y can be found. This new relation, taken in connection 
with the original equation, will serve either for the elimina- 
tion of p, or for the evaluation of x and y in terms of p ; the 
eliminant or the values of x and y will be the solution. 

EXAMPLES ON CHAPTER 111. 

2xy^-^2y^~x^ = 0. 
ax 



 1. x^l^y-Y- 

\dx) 

a , , , , a 6. ayp^ + (2 a; — b)p — y = 0. 

S. y=p(x — h)+— "^ ^ 

^ 7. V - px = Vl + p^fa;* + y"). 

8. a;»«(p!' + 2) = 2pjf*+x». ^ ^ ^^^ ^ ' \ 

10. 3^V-2a;yp + 4y2_a;2 = 0. 

11. (x^ + y2)(l + j,)2 -2{x + y)(l -hp)(x + yi)) + (x + yp)2 = 0. 
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12. (i>y+na:)2=(y2+na:2)(H-p2). ^^ / ^ 1 W [^^ 

14. (px - y)(py + «) = h^, H. x + ^-g_ = a. 

16. j?2 + 2p2/ cot X = y2. 18. y-2px =/(xp2). 

19. a;yp2^.p(3a;2_2y2)_ea:2^ = 0. 

20. p^-4xyp-\-Sy^zzO. 

21. p3 _^a.2 + a;y + y2)p2 +(a;8y + 3.2^2 + a^8)p „ ajjyj = 0. 

22. D* + mp2 = a(y + mx). ^^ y _(i +^2)4 == 5. 

23. 6a>^(i)-l)+i>8e^ = 0. . ^ 

/ y4\ 2 ^- y =!>« + — 
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CHAPTER IV. 

SINGULAR SOLUTIONS. 

30. References to algebra and geometry. In this explanation 
of singular solutions,* use will be made of a few definitions 
and principles of algebra and geometry; particularly of the 
discriminant in the one, and of envelopes in the other. Arti- 
cles 31 and 32 will serve to recall some of them. The student 
is advised to consult a work on the theory of equations and a 
differential calculus concerning these points. 

31. The discriminant. The discriminant of an equation in- 
volving a single variable is the simplest function of the coeffi- 
cients in a rational integral form, whose vanishing is the 
condition that the equation have two equal roots. For exam- 
ple, the value of x in 005^ -\-bx + c = Ois ^ — =-^ — ^ ; and so 

the condition that the equation have equal roots is that 6* — 4 a<5 
be equal to zero. The discriminant is 6^ — 4ac; the equation 
^- — 4ac = will be called the discriminant relation, 

 Leibniz in 1694 (see footnote, p. 27), Brook Taylor (1686-1731), the 
discoverer of the theorem called by his name, in 1715, and Clairaut (see 
footnote, p. 36) were the first to detect singular solutions of differential 
equations. Clairaut refers to these solutions in a paper published in the 
Memoirs of the Pans Academy of Sciences in 1734. Their geometrical 
significance was first pointed out by La^ange (see footnote, p. 155) in 
an article published in the Memoirs of the Berlin Academy of Sciences 
in 1774, in which he also showed a way of obtaining them. The theory 
at present accepted is that expounded by Arthur Cay ley (1821-1895) in 
an article in the Messenger of Mathematics, Vol. II., 1872. 
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When the equation is quadratic, the discriminant can be 
written immediately; but when it is such that the condition 
for equal roots is not easily perceived, the discriminant is found 
in the following way. The given equation being F=0, form 
another equation by differentiating F with respect to the vari- 
able, and eliminate the variable between the two equations. 

For example, 

<l>(x,y,c)=:0 

may be looked on as an equation in c, its coefficients then being 
functions of x and y. The simplest rational function of x and 
y, whose vanishing expresses that the equation <^ {x, y,c) = 
has equal roots for c, is called the c discriminant of <^, and is 
obtained by eliminating c between the equations,. 

<t>(x,y,c) = 0, -^=0. 

Thus the c discriminant relation represents the locus, for each 
point of which <^ (x, y, c) = has equal values of c. 

Similarly, the p discriminant of /(a?, y,p) = 0, the differential 
equation corresponding to <^ (x, y, c) = 0, is obtained by elimi- 
nating p between the equations, 

f(x,y,p) = 0, ^=0. 

Thus the p discriminant relation represents the locus, for each 
point of which f(x, y^ p) = has equal values of p. 

In order that there may be a c and a p discriminant, the above 
equations must be of the second degree at least in c and p. In 
Art. 6 it was pointed out that these equations are of the same 
degree in c and p, and hence, if there is a p discriminant, there 
must be a c discriminant. 

32. The envelope. If in <^ (x, y, c) = 0, c be given all possible 
values, there is obtained a set of curves, infinite in number, of 
the same kind. Suppose that the c's are arranged in order of 
magnitude, the successive c's thus differing by infinitesimal 
amounts, and that all these curves are drawn. Curves corre- 
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spending to two consecutive values of c are called consecutive 
curves, and their intersection is called an ultimate point of 
intersection. The limiting position of these points of intersec- 
tion includes the envelope of the system of curves. It is shown 
in works on the differential calculus, that the envelope is part 
of the locus of the equation obtained by eliminating c between 

«^(»?y, c) = 0, 

and ^ = 0: 

dc 

that is, the envelope is part of the locus of the c discriminant 
relation. This might have been anticipated, because in the 
limit the c's for two consecutive curves become equal, and the 
c discriminant relation represents the locus of points for which 
^(^> Vf <^) = ^ will have equal values of c. 

It is also shown in the differential calculus, that at any 
point on the envelope, the latter is touched by some curve of 
the system; that is, that the envelope and some one of the 
curves have the same value of p at the point. 

33. The singular solution. Suppose that 

f(x, y, p) = (1) 

is the differential equation, which has 

<l>(x,y,c)=0 (2) 

for its solution. It has been seen, in Arts. 4-6, that the system 
of curves which is the locus of /(a;, y, p) = is the set of 
curves obtained by giving c all possible values in (2). The 
X, y, p, at each point on the envelope of the system of curves 
which is the locus of (2), being identical with the x, y, p, of 
some point on one of these curves, satisfy (1). Therefore the 
equation of the envelope is also a solution of that differential 
equation. This is called the singular solution. It is distin- 
guished from a particular solution, in that it is not contained 
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in the general solution; that is, it is not derived by giving 
the constant in the general solution a particular value. 

The singular solution may be obtained from the differential 
equation directly, without any knowledge of the general solu- 
tion. For, at the points of ultimate intersection of consecutive 
curves, the p^s for the intersecting curves become equal, and 
thus the locus of the points where the p^s have equal roots 
will include the envelope ; that is, the p discriminant relation 
of (1) contains the equation of the envelope of the system of 
curves represented by (2). In the next article, it will be shown 
that the p and c discriminant relations may sometimes repre- 
sent other loci besides the envelope : that is, they may contain 
other equations besides the singular solution. The part of 
these relations that satisfies the differential equation is the 
singular solution. 



Ex. 1. y = X 3^ + 
dx 



«vi^. 



which is in Clairaut^s form, has for its solution 



y = cx-\- a Vl + c2. 
This, on rationalization, becomes 

c\a^ - a;2) + 2 cxy + a2 _ y2 _ q, 

and hence the condition for equal roots is 

X2 + y2 _ flj2. 

This relation satisfies the given equation, and hence is the singular 
solution. 

In this example, the general integral represents the system of lines 
y = CX + aVl + c^, all of which touch the circle x^ + ^ = a^. 

Ex. 2. Find the general and the singular solutions of p^ -^xp — y = 0. 

Ex. 8. Find the general and the singular solutions of dyVx = dxVy. 

Ex. 4. Find the singular solution of x^jp^ — 3 xyp + 2 y^ 4. x« = 0. 

Ex. 5. Find the general and the singular solutions of 

(■-ir=£<-')('-£)* 
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34. Clairaut*8 equation. In finding the solution of Clairaut's 
form in Art. 28, there appeared the equation 

x+f'{p) = 0, . (3) 

dit) 
which is as important as the equation -^ = 0, that appeared 

with it. The foregoing shows what part equation (3) plays in 
solving Clairaut's equation. On differentiating y=px-\- f(p) 
with respect to p, (3) is obtained. The elimination of p 
between these two equations gives the p discriminant relation, 
which here represents the envelope of the system of lines 

y=zcx-\-f(c) 

represented by the general solution. 

35. Relations, not solutions, that may appear in the p and c dis- 
criminant relations. It has been pointed out that the p dis- 
criminant relation of /(», y, p) = represents the locus, for 
each point of which /(a?, y, p) = will have equal values of p ; 
and that the c discriminant relation of <^ (x, y, c) = 0, the gen- 
eral solution of the former equation, represents the locus for 
each point of which <^ (x, y, c) = will have equal values of c. 
It is known also that each point on the envelope of the system 
<^ (ic, 2/, c) = is a point of ultimate intersection of a pair of 
consecutive curves of that system ; and, moreover, that at each 
point on the envelope there will be two equal values of p, one 
for each of the consecutive curves intersecting at the point ; 
and that, therefore, the singular solution, representing the 
envelope, must appear in both the p and the c discriminant 
relations. But the question then arises, may there not be 
other loci besides the envelope, whose points will make 
f(xj y, p) = give equal values of jp, or make <^ («, y, c) = 
give equal values of c ? In other words, while the p and the 
c discriminant relations must both contain the singular solu- 
tion, which represents the envelope if there be one, may they 
not each contain something else ? 
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36. Equation of the tac-locus. At a point satisfying the p 
discriminant relation there are two equal values of p; these 
equal p's, however, may belong to two curves of the system 
that are not consecutive, but which happen to touch at the 
point in question. Such a point of contact of two non-consecu- 
tive curves is on a locus called the taolocus of the system of 
curves. The equations representing the tac-locus, while thus 
appearing in the p discriminant relation, will not be contained 
in that of the c discriminant ; since the touching curves, being 
non-consecutive, will have different c's. 

Ex. Examine 2/2(1 +p2)_. ^2. 



■y/r'2 — t/2 

Solving for p, p = —» 

Integrating and rationalizing, 

2/2-f.(a;4-c)2 = ra. 

The general solution, therefore, represents a system of circles having a 
radius equal to r and their centres on the x axis. 

The c discriminant relation is y"^ — r2 = 0, 

and that of the p discriminant is y^(y'^ — r^) = 0. 

Thus the locus of the latter is made up of the loci 2/ = di r and of 
y = counted twice. 

The equations y = ±r, that appear in both the p and the c discriminant 
relations, satisfy the differential equation, and hence form the singular 
solution; they represent the envelope. 

The equation y = 0, as is apparent on substitution, does not satisfy the 
differential equation. Through every point on the locus y = 0, two circles • 
of the system can be drawn touching each other ; that equation, there- 
fore, represents the tac-locus. 

The student is advised to make a figure, showing the set of circles, 
their envelope, and the tac-locus, as it will help him to understand this 
and the preceding articles. 

37. Equation of the nodal locus. The c discriminant relation, 
like that of the p discriminant, may contain an equation having 
a locus, the x, y, p, of whose points will not satisfy the differ- 
ential equation. 
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The general solution <^ {x, y, c) = may represent a set of 
curves each of which has a double point. Changing the c 
changes the position of the curve, but not its character. These 




Fia. 1. 

curves being supposed drawn, the double points will lie on a 
curve which is called the nodal locus. In the limit two con- 
secutive curves of the system will have their nodes in coin- 
cidence upon the nodal locus. The node is thus one of the 
ultimate points of intersection of consecutive curves ; and, 
therefore, the equation of this locus must appear in the c dis- 
criminant relation. But in Fig. 1, where A, B, •••, are the 
curves and L is the nodal locus, at aay point the p for the 
nodal locus L is different from the p^^ of the particular curve 
that passes through the point ; and hence the x, y, p, belong- 
ing to L at the point, will not satisfy the differential equation. 




Fig. 2. 



And, in general, the a;, y, jp, at points on the nodal locus will 
not satisfy the differential equation; for the case would be 
exceptional where the p at any point on the nodal locus would 
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coincide with a p for a curve of the general solution passing 
through that point; where, in other words, the nodal locus 
would also be an envelope, as in Fig. 2, in which A, -B, •••, L, 
have the same signification as in Fig. 1. 

Ex. xp2 _ (a; _ ^^2 = has for its general solution 

that is, 1(2/ + c)2 = x(x-S a)2. 

Thep discriminant relation is a;(x — a)^ = 0, 

and that of the c discriminant, x(x — 3 a)'^ = 0. 



x = a 



a = 3a 



The relation x = satisfies the diSereutial equation ; hence it is the 
singular solution and represents the enve- 
lope locus. 

The relation x — a = 0, which appears 
only in the p discriminant, does not satisfy 
the differential equation ; it represents the 
tac-locus. And x — 3 a = 0, which is in 
the c discriminant, does not satisfy the 
original equation ; it represents the nodal 
locus. 

Figure 3 shows some of the curves of 
the system, the envelope, the tac, and the 
nodal loci. 

38. Equation of the cuspidal locus. 

The general solution <^ (x, y, c) = 
may represent a set of curves each 
of which has a cusp. These curves 
being supposed drawn, the cusps 
will lie on a curve called the cuspidal 
locus. It is evident that in the 
limit two consecutive curves of the system will have their 
cusps coincident upon the cuspidal locus, the cusps thus being 
among the ultimate points of intersection ; and hence the cuspi- 
dal locus will appear in the locus of the c discriminant relation. 
Moreover, the p's at the cusps of consecutive curves will evi- 
dently be equal ; and therefore the cuspidal locus will appear 




Fig. 3. 
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in the locus of the p discriminant relation. Like the nodal 
locus, it will not, in general, be the envelope. 

Ex. 1. The differential equation 

p^-\-2xp-y = (1) 

has for its general solution 

(2 a;8 4- 3 xy + c)2 - 4(x2 + yy = 0. (2) 

The p discriminant relation is 

a;2 4- y = 0, (3) 

and the c discriminant relation is 

(a:2 + yy = 0. 

Equation (1) is not satisfied by (3), and hence there is no singular 
solution ; x*-^ + y = is a cusp locus. 



< < < < < 



Ex. 2. The equation 8 op' =27y 

has for its general solution ay^ = (x — c)*; 

the p discriminant gelation is y == 0, 

and the c discriminant relation is y^ = 0. **' 

The equation y = satisfies the differential equation, and therefore is 
the singular solution. It is also the equation of the cusp locus. Figure 
4 illustrates this example. This is one of the very exceptional cases 
where the cusp locus coincides with the envelope. 

39. Summary. When the loci discussed above exist, then 
in the p discriminant relation will appear the equations of the 
envelope locys, of the cuspidal locus, and of the tac-locus ; and 
in the c discriminant equation will appear the equations of the 
envelope locus, of the cuspidal locus, and of the nodal locus.* 



* See Edwards, Differential Calculus, Arts. 364-366 ; Johnson, Differ- 
ejitial Equations, Arts. J5-54 ; Forsyth, Differential Equations, Arts. 
2.3-30; an article by Cayley, *'0n the theory of the singular solutions of 
differential equations of the first order" (Messenger of Mathematics, Vol. 
II. [1872], pp. 6-12) ; an article by J. W. L. Glaisher, " Examples illus- 
trative of Cayley's theory of singular solutions " (Messenger of Mathe- 
matics, Vol. XII. [1882], pp. 1-14). 
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The p discriminant relation contains the equations of the envelope, 
cuspidal and tac loci, once,- once, and twice respectively ; and the c dis- 
criminant relation contains the equations of the envelope, cuspidal and 
nodal loci, once, three times, and twice respectively.* 

EXAMPLES ON CHAPTER IV. 

Solve and find the singular solutions of the following equations : 
1. xp'^-2yp-\- ax = 0. 8. y^ - 2 pxy -{• p'^(x^ - I) = m^. 



2. x^ + x:^yp + a* = 0. 4. y = xp + VWTa^. 

5. y = grp — p'. 

6. I'^xamine Exs. 2, 4, 20, 26, Chap. III., for singular solutions. 

7. Solve 4/)2 = 9ic, and examine for singular solution. 

8. Investigate for singular solution 

4a;(aj - l)(x - 2)p-^ -(3x2 - 6x + 2)2 = 0. 

9. Solve and examine for singular solution (8p* — 27)x = 12 p^. 

10. p2(a;2 _ flf2) _ 2pxy -\-y^-b^ = 0. 

11. (px-y)(x-py)=2p, 

* This is proved in an article by M. J. M. Hill, ** On the c and p dis- 
criminant of ordinary integrable differential equations of the first order *^ 
(Proc. Lond. Math. Soc, Vol. XIX. [1888], pp. 661-689). This article 
supplements Cayley's, mentioned above. 

Professor Chrystal has shown that the p discriminant locus is in gen- 
eral a cuspidal locus for the family of integral curves. (Nature^ Vol. LIV., 
1896, p. 191.) 
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CHAPTER V. 

APPLICATIONS TO GEOMETRY, MECHANICS, 

AND PHYSICS. 

40. The student will remember that, after deducing the 
methods of solving various kinds of algebraic equations and 
working through lists of these equations, he made practical 
applications of the knowledge and skill thus acquired, in the 
solution of problems. In the process of finding the solution 
of one of these problems, there were three steps : first, forming 
the equations that expressed the relations existing between the 
quantities considered in the problem; second, solving these 
equations ; and third, interpreting the algebraic solution. 

In the case of differential equations, the same procedure 
will be followed. The three preceding chapters have shown 
methods of solving differential equations of the first order. 
This chapter will be concerned with practical problems, the 
solution of which will require the use of these methods. The 
problems will be chosen for the most part from geometry and 
mechanics; and it is presupposed that the student possesses 
as much knowledge of these subjects as can be acquired from 
elementary text-books on the differential calculus and me- 
chanics. 

As in the case of algebraic problems, there are three steps 
in obtaining the solution of the problems now to be considered : 

First, forming the differential equations that express the 
relations existing between the variables involved. 
Second, finding the solution of these equations. 
Third, interpreting this solution. 
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There will be only two variables involved in each of these 
problems, and hence but a single equation will be required. 
The choice of examples for this chapter is restricted, because 
differential equations of the first order only have so far been 
treated. 

41. Geometrical problems. The student should review the 
articles in the differential calculus that deial with curves ; in 
particular, those articles that treat of the tangent and normal, 
their directions, lengths, and projections, and the articles that 
discuss curvature and the radius of curvature. This review 
will be of great service in helping him to express the data of 
the problem in the form of an equation, and to interpret the 
solution of this equation. The character of the geometrical 
problems and the method of their solution will in general be 
as follows. A curve will be described by some property be- 
longing to it, and from this its equation will have to be deduced. 
This is like what is done in analytic geometry, but here the 
statement of the property will take the form of a differential 
equation ; the solution of this differential equation will be the 
required equation of the curve. 

42. Geometrical data. The following list of some of the 
principal geometrical deductions of the differential calculus is 
given for reference. It will be of service in forming the dif- 
ferential equations which express the conditions stated in the 
problems, or, in other words, give the properties belonging to 
the curves whose equations are required. 

Suppose that the equation of a curve, rectangular co-ordinates 
being chosen, is ^ ^^^^^^ ^^ ^^^^ ^^ ^ ^^ 

and that {x, y) is any point on this curve. Then -^ is the 

slope of the tangent at the point (x, y), i.e. the tangent of the 
angle that the tangent line there makes with the a;-axis ; — — 

if 

is the slope of the normal ; tb© equation of the tangent at («, y), 
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dv 
X, Yy being the current co-ordinates, is Y— y = - (X — x) ; and 

1 (Ji'X 

dor 
the equation of the normal is Y—y = (X — x) ; the inter- 

cept of the tangent on the axis oi x i^ x — y — ; the intercept 

dv ^y 

of the tangent on the axis of y is y — x -^\ the length of the 
tangent, that is, the part of the tangent between the point 
and the ic-axis, is 2/-J1+/'— V; the length of the normal 

isyx/l-ff-^j ; the length of the subtangent is y — ; the 

length of the subnormal is y -?^ ; the differential of the length 

dx 

of the arc is a/1 -f ( — ) dy, or a/1 +( — ) dx\ the differential 

of the area is ydx ot x dy. 

Again, let the equation of the curve in polar co-ordinates be 

/(r,^)=0,orr = F(^), 

and (r, 0) be any point on the curve. Then the tangent of the 
angle between the radius vector and the part of the tangent 
to the curve at (r, 0) drawn back towards the initial line, is 

r —\ if ^ is the vectorial angle, ib the angle between the radius 
dr 

vector and the tangent at (r, 0), and <^ the angle that this 
tangent makes with the initial line, <^ = i/r -|- ^ ; the length of 

the polar subtangent is r^ — ; the length of the polar sub- 

dr . ^^ 

normal is — ; the differential of the length of the arc is 



V 



1 -h r^f — J dr, or -%// — J + r^d^; if p denote the length of 



the perpendicular from the pole upon the tangent,* then 



* Williamson, Differential Calculus^ Art. 183 ; Edwards, Differential 
Calculus for Beginners^ Art. 95. 
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that is, — = 1^2 _|_ / _^\ where u = — 

p^ \d$j r 

43. Examples. 

'^ Ex. 1. Determine the curve whose subtangent is n times the abscissa 
I / of the point of contact ; and find the particular curve which passes 
^ through the point (2, 3). 

Let (a, y) be any point upon the curve. The subtangent is y — • There- 
by 
fore, the condition that must be satisfied at any point of the required 

curve, in other words, the given property of the curve, is expressed by 

the equation 

dx 
y"^ = nx, 

dy 
Integration gives n log y = log car, whence, 

y» = ex. 
This represents a family of curves, each of which passes through the 

Qn 

origin. For the particular curve that passes through (2, 3), c must be — , 

and the equation is 

2 y» = 3« x. 

When n = 1, the required curve is any one of the straight lines which 

pass through the origin ; the equation of the particular line through 

(2, 3) is 

2y = Zx, 

When n = 2, the curves having the given property are the parabolas 
whose vertices are at the origin, and whose axes coincide with the x-axis ; 
the particular parabola through (2, 3) has the equation 

2y2 = 9x. 

When n = f, the required curve is any one of the system of semi- 
cubical parabolas that have their vertices at the origin and their axes 
coinciding with the axis of x. 

What curves have the given property when n = i ? When ti = f ? 

Ex. 2. Find the curve in which the perpendicular upon the tangent 
!from the foot of the ordinate of the point of contact is constant and equal 
to a ; and determine the constant of integration in such a manner that 
the curve shall cut the axis of y at right angles. 



a 
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Let (jCf y) be any point on the curve. The equation of the tangent at 

(x, y) is 

r-,=|(X-.); 
the length of the perpendicular from (x, 0), the foot of the ordinate, 

upon the tangent is / 



v- * m 



Therefore, the given property of the curve is expressed by the equation 
(1) ~^ =a] from this, (2) — ^^^_z_- = fZx ; 

integration gives * cosh-* ^ = - -\-c\ 

v^rhence (3) - = cosh (- + €]• 

It is also required that there be found the particular one of these 
curves that cuts the y-axis at right angles. This means that for this 

curve, ^ = when x = 0. Now differentiation of (3) gives 

adx a \a J 
therefore c = ; and hence 

- = cosh -, 
a a 

the equation of the catenary. 

Ex. 8. Determine the curve in which the subtangent is n times the 
subnormal. 

Ex. 4. Determine the curve in which the length of the arc measured 
from a fixed point A to any point P is proportional to the square root of 
the abscissa of P. 

Ex. 6. Find the curve in which the polar subnormal is proportional to 
the sine of the vectorial angle. 

Ex. 6. Find the curve in which the polar subtangent is proportional to 
the length of the radius vector. 

* See McMahon, Hyperbolic Functions (Merriman and Woodward, 
Higher Mathematics, Chap. IV.), Arts. 14, 15, 26, 39; Edwards, Integral 
Calculus for Beginners, Arts 28-44. 
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M. Problems relating to trajectories. An iiuportaut group 
of geometrical problems is that which deals with trajectories. 
A trajectory of a family of curves is a line that cuts all the 
members of the family according to a given law ; for example, 
the line which cuts all the curves of the family at points equi- 
distant from the aj-axis, the distance being measured along the 
curves of the family. Another example of a trajectory is the 
line that cuts the curves of the family at a constant angle. 
When the angle is a right angle, the trajectories are called 
orthogonal trajectories; when it is other than a right angle, 
the trajectories are said to be oblique. Only these two classes 
of trajectories will here be discussed. 

45. Trajectories, rectangular co-ordinates. Suppose that 

f(x, y,d) = (1) 

Is the equation of the given system of curves, a being the 
arbitrary parameter ; and that « is the angle at which the tra- 
jectories are to cut the given curves. The elimination of a 
from (1) gives an equation of the form 

K^'^'2) = '' (2) 

the differential equation of the family of curves. 

Now through any point (x, y) there pass a curve of the given 
system and one of the trajectories, cutting each other at an 
angle a. If m is the slope of the tangent to the trajectory at 

this point, then 

dy 

-^ + tan a 

m = ^ (3) 

1 i^tan a 

ax 

dv 
By definition m is -^ for the trajectory ; hence the differ- 

ax 

ential equation of the system of trajectories is obtained by 
substituting this value of in for — in (2) ; this gives 
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4> 



-- -j- tan a 
dx 



1 — -/ tan a 
dx 



= 0, (4) 



for the differential equation of the system of trajectories ; and 
the solution of this is the integral equation. 

If a is a right angle, 

dx 
m = ; 

dy 

and hence the differential equation of the system of orthogonal 

trajectories is obtained by substituting ? for -^ in (2) ; this 

gives ^ 

Integration will give the equation in the ordinary form. 

46. Orthogonal trajectories, polar co-ordinates. Suppose that 

/(r, ^, c) = (1) 

is the polar equation of the given curve, and that 

1'{r,0,%)=0 (2) 

is the corresponding differential equation, obtained by eliminat- 
ing the arbitrary constant c. The tangent of the angle between 

the radius vector and the tangent to a curve of the given sys- 

dO 
tern at any point (r, 0) is r — . If m is the tangent of the angle 

dr 
between this radius vector and the tangent to the trajectory 

through that point, 

Idr 
m = > 

rdS 

since the tangents of the curve and its trajectory are at right 
angles to each other. Hence the differential equation of the 
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required trajectory is obtained by substituting for r — , 

^ fj f dd dr 

or, what comes to the same thing, — r^ — for — in (2) ; this 
gives '''• ^* 

as the differential equation of the required system of trajecto- 
ries. 

47. Examples. 

Ex. 1. Find the equation of the curve which cuts at a constant angle 

whose tangent is — all the circles touching a given straight line at a 
given point. ^ 

Take the given point for the origin, the given line for the 2/- axis, and 
the perpendicular to it at the point for the x-axis. The given system of 
circles then consists of the circles which pass through the origin and have 
their centres on the x-axis ; its equation is 

2/2-f x2_2rta; = 0, (1) 

a being the variable parameter. The elimination of a gives the differen- 
tial equation of the system of circles ; namely, 

dy y^ — x^ 



dx 2xy 



(2) 



Tlie differential equation of the system of trajectories is obtained by 

dy 
substituting for -^ in equation (2) the expression 

dy m 
dx n 



, mdy* 
1 ^ 

71 dx 



and this gives on reduction 

(wa;*^ - ny'^ -f 2 mxy)dx + (my^ - mx^ + 2 nxy)dy = 0. (3) 

The integration of this homogeneous equation gives 

x^ + y^ = 2c{my + wx), (4) 

c being the constant of integration ; this represents another system of 
circles. 

The trajectory is orthogonal if n = ; equation (4) then becomes 

X2 _}. y2 _ f.^y^ 
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which represents the orthogonal system of circles; these circles pass 
through the origin and have their centres on the 2/-axis. 

Ex. 8. Find the orthogonal trajectories of the system of corves 

r" sin nd = a*. 
Differentiation eliminates the parameter a, and gives 

— + rcotntf = 0, 
de 

the differential equation of the system. 

The differential equation of the system of trajectories is obtained by 

substituting - r^^ for — ; this gives 

dr dd 

_r-2^ + rcotnd = 0; 
dr 

separating the variables, integrating, and simplifying, 

r" cos nO = c, 

c being an arbitrary constant ; this is the equation of the system of 
orthogonal curves. 

Ex. 3. Find the orthogonal trajectories of a series of parabolas whose 
equation is y^ = 4 q^^ 



Ex. 4. Find the orthogonal trajectories of the series of hypocycloids 
ajs + yJ = a\ 



Ex. 5. Find the equation of the system of orthogonal trajectories of a 

2 a 
series of confocal and coaxial parabolas r = • 

1 + cos ^ 
Ex. 6. Find the orthogonal trajectories of the series of curves. 

r = a -{• sill bd. 

Ex. 7. Given the set of lines y = cx^ c being arbitrary, find all the 
curves that cut these lines at a constant angle 6. 

48. Mechanical and physical problems. The student should 
read in some text-book on mechanics the articles in which the 
elementary principles and formulae relating to force and motion 
are enunciated and deduced. The truth of the following defi- 
nitions and formulae will be apparent to one who understands 
the first principles of the calculus and the principles of me- 
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chanics as set forth in elementary works that do not employ 
the calculus. 

If s denotes the length of the path described by a particle 
moving in a straight line for any period of time ; 

t, the time of motion, usually estimated in seconds ; and 

V, the velecity of the moving particle at any particular 

point or instant ; then will 

ds , 

-r- = v, and 
dt 

dv 

— = the acceleration of the moving particle at any point 

(JLv 

of its path. 

Ex. 1. A body falls from rest; assuming that the resistance of the 
air is proportional to the square of the velocity, find 

(a) its velocity at any instant ; 

(6) the distance through which it has fallen. 

In this case the equation for the acceleration is 

— = g — K»2^ or, putting — for ic, 
dt g 

g^ = g''- »'V, 
at 

whence — ^ — = dt. 

tlfJ TttV 

Integrating, tanh-i — = nt -^ c; whence, — = tanh(n« + c). 

But c = 0, since v^i^O when t = 0. 

Therefore v = — = ^ tanh nt ; 

dt n 

whence, on integration, 

5 4- c = ^ log cosh nt. 

But 8 = when t = 0, .'.0 = 0; 

therefore « = ^ log cosh nt. 

n* 
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Ex. 2. Find the distance passed over in time t by a particle whose 
acceleration is constant, determining the constants of integration so that 
at the time t = 0, t?o is the velocity and «o the distance of the particle from 
the point from which distance is measured. 

Ex. S. The velocity possessed by a body after falling vertically from 
rest through a distance s is found to be v/2 gs. Find the height through 
which it has fallen in terms of the time. 

EXAMPLES ON CHAPTER V. 

^ 1. Det^mine the curve in which the length of the subnormal is pro- 
portional to the square of the ordinate. 

2. Determine the curve in which the part of the tangent intercepted 
by the axes is constant. 

3. Determine the curve in which the length of the subnormal is pro- 
portional to the square of the abscissa. 

4. Find the equation of the curve for yvhich a differential of the arc is 
K times the differential of the angle made by its tangent with the ac-axis, 
multiplied by tlie cosine of this angle; and determine the constant of inte- 
gration so that the curve touches the x-axis at the point from which tlie 
arc is measured. 

5. Find the equation of the curve where the length of tiie perpendicu- 
lar from the pole upon the tangent is constant and equal to — 

6. Find the equation of the system of curves that make an angle whose 

HI 
tangent is — with the series of parallel lines x cos a -\- y sin a = p, p being 

the variable parameter. 

7. Find the orthogonal trajectories of the system of parabolas y = ax^. 

' 8. Find the orthogonal trajectories of the system of circles touching 
a given straight line at a given point. 

9. Find the orthogonal trajectories of -s+ ., 7-v=l» where X is 
arbitrary. 

 10. Find the orthogonal trajectories of the series of hyperbolas xy = k^. 

11. Determine the orthogonal trajectories of the system of curves 
r» = a« cos n$ ; therefrom find the orthogonal trajectories of the series 
of lemniscata r^ = a^ cos 2 $. 

12. Find the orthogonal trajectories of lr-\ — j cos ^ = o, a being the 
parameter. 
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13. Find the orthogonal trajectories of the series of logarithmic spirals 
r = a^, where a varies. 

"^ 14. Determine the curve whose tangent cuts off from the co-ordinate 
axes intercepts whose sum is constant. 

'^ 15. The perpendiculars from the origin upon the tangents of a curve 
are of constant length a. Find the equation of the curve. 

^ 16. Find the equation of the curve in which the perpendicular from the 
origin upon the tangent is equal to the abscissa of the point of contact. 

17. Find the equation of a curve such that the projection of its ordi- 
nate upon the normal is equal to the abscissa. 

"" 18. Find the equation of the curve in which, if any point P be taken, 
the perpendicular let fall from the foot of its ordinate upon its radius 
vector shall cut the ^-axis where the latter is cut by the tangent to the 
curve at P. 

19. Find the curve in which the angle between the radius vector and 
the tangent is n times the vectorial angle. What is the curve when 
n = 1 ? When ?i = i ? 

20. Determine the curve in which the normal makes equal angles with 
the radius vector and the initial line. 

" 21. Find the curve the length of whose arc measured from a given 
point is a mean proportional between the ordinate and twice the abscissa. 

22. Find the equation of the curve in which the perpendicular from 
the pole upon the tangent at any point is k times the radius vector of the 
point. 

23. If p = 2(\ _ 2\ ( ~7 ~ M ' ^^^ ^^^^ equation of the curve, r being 

the radius vector of any point of the curve, andp the perpendicular from 
the pole upon the tangent at that point. 

24. Find the orthogonal trajectories of the cardioids r = a(l — cosS). 

^ 25. Show that the system of conf ocal and coaxial parabolas y^=ia(x-^a) 
is self-orthogonal. 

'^26. Show that a system of confocal conies is self -orthogonal. 

'^ 27. Find the curve such that the rectangle under the perpendiculars 
from two fixed points on the normals be constant. 

' 28. Find the curve in which the product of the perpendiculars drawn 
from two fixed points to any tangent is constant. 
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'' 29. The product of two ordinates drawn from two fixed points on the 
X-axis to the taugent of a curve is constant and equal to kK Find the 
equation of the curve. 

^ 80. Determine the curve in which the area enclosed between the tan- 
gent and the co-ordinate axes is equal to a^. 

31. Find a curve such that the area included between a tangent, the 
X-axis, and two perpendiculars upon the tangent from two fixed points on 
the X-axis is constant and equal to k\ 

32. The parabola y^ = iax rolls upon a straight line. Determine the 
curve traced by the focus. 

33. Determine the curve in which s = ox^. 

34. The equation of electromotive forces for an electric circuit contain- 
ing resistance and self-induction is 

E = Bi-hL^-^ 
dt 

where E is the electromotive force given to the circuit, B the resistance, 
and L the coefficient of induction. Find the current i : (a) when E =f(t); 
(b) when E = 0; (c) when E = Q. constant ; (d) when ^ is a simple 
harmonic function of the time, Em sin ««, where E^n is the maximum 
value of the impressed electromotive force, and « is 2ir times the fre- 
quency of alternation ; (e) when E = Ei sin «« -f- E2 sin {boot -f 6), 

35. The equation of electromotive forces in terms of the current i, for 
an electric circuit having a resistance i?, and having in series with that 

resistance a condenser of capacity C, \s E = Bi-\- \—, which reduces on 

differentiation to the form 

di,j_^l_dE^ 
dt RC R dt' 

E being the electromotive force. Find the current i : (a) when E =f(t) ; 
(b) when ^ = ; (c) when E = a, constant ; (d) when E = E^ sin <at. 

86. Given that the equation of electromotive forces in the circuit of 
the last example, in terms of the charge 7, is 

^-^dt-^c' 

find q : (a) when E =f(t) ; (6) when ^ = ; (c) when E=a. constant ; 
(d) when E = Em sin ut. 

37. The acceleration of a moving particle being proportional to the 
cube of the velocity and negative, find the distance passed over in time t, 
the initial velocity being t?oi and the distance being measured from the 
position of the particle at the time t = 0. 
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CHAPTER VI. 

LINEAR EQUATIONS WITH CONSTANT 

COEFFICIENTS. 

49. Linear equations defined. The complementary function, the 
particular integral, the complete integral. Equations of an order 
higher than the first have now to be considered. This chapter 
and the next will deal witli a single class of these equations ; 
namely, linear differential equations. In these, the dependent 
variable and its derivatives appear only in the first degree and 
are not multiplied together, their coeificients all being con- 
stants or functions of x. The general form of tlie equation is 

where X and the coefficients Pi, Pg? •*•> -P«> are constants or 

functions of x. If the derivative of highest order, -r-^, has a 

coefficient other than unity, the members of the equation can 
be divided by this coefficient, and then the equation will be in 
the form (1). The linear equation of the first order has been 
treated in Art. 20. 

It will first be shown that the complete solution of (1) con- 
tains, as part of itself, the complete solution of 

g + P,p+- + P^ = 0. (2) 

If y = yi be an integral of (2), then, as will be seen on 
substitution in (2), i/ = Ci^i, Cj being an arbitrary constant, is 
also an integral; similarly if y = y^ 2/ = ^3> •••> ^ = y«) be inte- 
grals of (2), then y = Cgj/g, •••> 2/ = c,j/„, where Cj, •••, c„ are arbi- 
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trary constants, are all integrals. Moreover, substitution will 
show that 

y = c^i + c^2 H h c^n (3) 

is an integral. If yi, ^a, •••, y„, are linearly independent,* (3) is 
the complete integral of (2), since it contains n arbitrary con- 
stants and (2) is of order n. 

liy = uhe a. solution of (1), then 

y=Y-^n, (4) 

where Y = c,t/i + Cgi/a H h c.^«, 

is also a solution of (1) ; for the substitution of Y for y in the 
first member of (1) gives zero, and that of u for y, by hypothesis, 
gives X. As the solution (4) contains 7i arbitrary constants, 
it is the complete solution of equation (1). The part Y is 
called the complementary function ; and the part u is called the 
paHicular integral.^ The general or complete solution is the 
sum of the complementary function and the particular integral. 

50. The linear equation with constant coefficients and second 
member zero. The equation 

where the coefficients Pj, P^? •••> ^n^ ai'e constants, will first be 

treated.!: 

On the substitution of e"*' for y, the first member of this 

equation becomes (m** -f Pi??i" ^ + • • • -|- P„) e"" ; and this will be 

equal to zero if 

m" -f Pjwi"-^ H h P„ = 0. (2) 



* See Note F for the criterion of the linear independence of the inte- 
grals 2/1, 2/2, —, Vn- 

t This use of the term particular integral is to be distinguished from 
that indicated in Art. 4. 

} The method of solving the linear differential equation with constant 
coefficients, shown in this article, is due to Leonhard Euler (1707-1788), 
one of the most distinguished mathematicians of the eighteenth century. 
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This may be called t?ie auxiliary equation. Therefore, if m 
have a value, say mi, that satisfies (2), y = e"** is an integral 
of (1) ; and if the n roots of (2) be mj, mg, ••• m^, the complete 
solution of (1) is 

y = cie"*** 4- Cge"^ H 1- c„e"^«. (3) 

Ex.1. Solve g + 3|-64, = 0. 

Here equation (2) is m^ -f 3 m — 64 = ; 
solving for m, w = 6, — 9. 

Hence the general solution of the equation isy = ciefi* + C2e"®*. 

Ex. 2. If ^ - m2y = 0, show that 

y = ci&^ + C2«~"** = A cosh wix + B sinh was.* 
Ex.3. Solve 2^+5^-12x = 0. 

Ex.4. Solve 9^+ 18^- 16a; = 0. 

dz^ dz 

51. Case of the auxiliary equation having equal roots. When 

two roots of (2) Art. 50 are equal, say mi and mj, solution (3) 

becomes 

2/ = (ci -h Cj) e"*!* -I- CgC'"*' H h V"***. 

But, since Cj -|- C2 is equivalent to only a single constant, this 
solution will have (n — 1) arbitrary constants ; and hence is 
not the general solution. In order to obtain the complete 
solution in this case, suppose that 

^2 = m, -|- A ; 

the terms of the solution corresponding to m„ m^, will then be 

which can be written y = e"*i' (ci + c^^). 

* See McMahon, Hyperbolic Functions (Merriman and Woodward, 
Higher Mathematics, Chap. IV.), Arts. 14 (Prob. 30), 17, 39. 
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On expanding e** by the exponential series, this becomes 
y = e^'[c, + c,{l + hx + j^ + •••)] 

= 6*"** (-4 + 5a? 4- ^- h terms proceeding in 

1 • i2 

ascending powers of h)y 
where A = Ci-\-c^ and B = Cji^. 

Now let h approach 0, and solution (3) Art. 60 takes the form 
y == e-*' (A + Bx) -f c^"^ H h CnC"*"'. 

As h approaches zero, Ci and C2 can be taken in such a way 
that A and 5 will be finite. 

If the auxiliary equation have three roots equal to wii, by 
similar reasoning it can be shown that the corresponding solu- 
tion is y = ^''(c, + c^-hc^', 
and, if it have r equal roots, that the corresponding solution is 

y = e'^'(ci -h Cja; H h c^"^).* 

The form of the solution in the case of repeated roots of the 
auxiliary equation is deduced in another way in Art. 55. 

Ex.1. Solve ^-3f| + 4y = 0. 

52. Case of the auxiliary equation having imaginary roots. 

When equation (2) Art. 50 has a pair of imaginary roots, 
say mi= a-\- ip, 70^ = a — ip (i being used to denote V— 1), 
the corresponding part of the solution can be put in a real 
form simpler, and hence more useful, than the exponential form 
of Art. 50. 



* See George Boole, Differential Equations, Chap. IX., Art. 7. The 
separate integrals, e^', xe"»»*, x^e^^*, •••, are analogous to the equal roots 
of an algebraic equation. 
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For, Cie<*+'^>' + Cje^*-*^** = e^((^^^ + Cje"*^') 

= e"* } Ci (cos fix -I- 1 sin fio^ -\- C2(cos )9a? — i sin )ffar) | 

= e^{A cos fix -\- B sin )8a;) 

= (cosh aa; + sinh ax) (A cos fix •{- B sin )9a;). 

If a pair of imaginary roots occurs twice, the corresponding 
solution is y = (cj + c^) e<«+*^^* 4. ((^ -f. c^x) e^»-*^>*, 

which reduces to y = e**S (-4 + A^x) cos )8a; H- (J5 + JBio;) sin px\ . 

Ex.1. Solve ^48^+ 25y=0. 

The 4tuxiliary equation is w^ + 8 m + 26 = 0, the roots of which are 
w = — 4 ± 3 1 ; and the solution is y = e-**(ci cos 3 x + Cs sin 3 «). 

Ex. 2. li -^- m^y = 0, show that 

CMC* 

a: = Ci cos mx + C2 sin wx + Cs cosh wix + C4 sinh mx. 

53. The symbol D, By using the symbol D for the differ- 

ential operator — , equation (1) Art. 50 can be written * 

dx 

(Z)» + PiZ>»-^ 4- - + P„) y = 0, (1) 

or, briefly, f{D)y = 0. (2) 

The symbolic coefficient of y in (1) is the same function of 
D that the first member of equation (2) Art. 50 is of m ; and, 
therefore, the roots of the latter equation being m,, m^, •••, m„, 
equation (1) may be written 

(Z) - wii) (Z) - mjj) ... (Z> - m„)y = 0. (3) 

Hence the integral of (1) can be found by putting its sym- 
bolic coefficient equal to zero, and solving for Z) as if it were 
an ordinary algebraic quantity, without any regard to its use 
as an operator; and then proceeding as in Art. 50 after the 
roots of equation (2) of that article had been found. More- 
over, it is thus apparent that the complete solution of (1) or 
{3) is made up of the solutions of 

* See note K, page 208, for remarks on the symbol D. 
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(D - mi)y = 0, (D - mj) y = 0, -", {D- m„) y = 0. 
This symbol D will be of great service. 

54. Theorem concerning D. One of the theorems relating to 
D is, that when the coefficient of y in (1) Art. 53 is factored as 
if D were an ordinary algebraic quantity, then the original dif- 
ferential equation will be obtained when D is given its opera- 
tive character, no matter in what order the factors are taken. 
Thus, an equation of the second order 

when expressed in the symbolic form, is 

this on factoring becomes (D — a) (D — P)y = 0. 

Replacing Z> by — , the latter equation becomes 

dx 



a- '){i- ^h"- 



Operating on y with ^, this becomes 

dx 

and, operating on the second factor with the first, 

If the factors had been written in the reverse order, 
(D — I3)(D — a)y = 0, and expanded as above, the same result 
would have been obtained. It is easily shown that the theo- 
rem holds for an equation of the third and any higher order. 
It will be noted that the symbolic factors, when used as opera- 
tors, are taken in order from right to left. Other theorems 
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relating to D will be proven when a reference to them happens 
to be required.* 

55. Another way of finding the solution when the auxiliary 
equation has repeated roots. The form of the solution when 
the auxiliary equation (2) Art. 50 has repeated roots can be 
found in another way ; namely, by employing the symbol D. 
According to Art. 53, the solutions corresponding to the two 
equal roots lUi of this equation are the solutions of 

On writing this in the form (D — mj) \(D — mi)y\ = and 
putting V for (D — wii) y, the above equation becomes 

the solution of which is v = Cie'"*'. Replacing v by its value 
(D - m,) y, 

which is the linear equation of the first order considered in 

Art. 20 ; its solution is 2^ = e"*i* (cg -|- c^x). 

Similarly the solutions corresponding to three equal roots mi 

are the solutions of 

(D-m,yy = 0, 

which may be written 

(D-mi)(D-miyy = 0. 

On putting v for (D — miYy, solving for v, and replacing the 
value of V as before there is obtained 

(D — mi)*y = Cie"'»*. 
Putting o> for (2> — mi) y and proceeding as before, 

* See Forsyth, Differential Equations^ Arts. 31-36, for fuller informa- 
tion concerning the properties of 2>. 
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the solution of which is 

y = (^^'(ca^ + Cjic -f Cg), where c = ^. 

It is obvious that if m^ is repeated r times, the correspond- 
ing integrals are 

y = e"'i*(ci 4- Cgo; H h c^"^). 

56. The linear equation with constant coefficients and second 
member a function of x. In this article will be considered the 
equation 

^4. p^!l^j LP v = X, (1) 



the first member of which is the same as that of equation (1) 
Art. 50, and the second member a function of x. It was 
pointed out in Art. 49 that the complete integral of (1) con- 
sists of two parts, — a complementary function and a particular 
integral, the complementary function being the complete solu- 
tion of the equation formed by putting the first member of (1) 
equal to zero. The problem now is to devise a method for 
obtaining the particular integral. 
In the symbolic notation, (1) becomes 

fiD)y=X (2) 

and the particular integral is written y ■■= X. 

57. The symbolic function — - — . It is necessary to define 

-— — Xf which, as yet, is a mere symbol without meaning. 

For this purpose it may be said : — - — X is that function of x 

which, when operated upon by f{D), gives X The operator 
, according to this definition, is the inverse of the 

operator f{D), It can be shown from this definition and 
Art. 54, that can be broken up into factors which may 

be taken in any order, or into partial fractions. 
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For example, the particular integral of the equation 

and this can be put in the form 

1 



X 



Now apply (D — a){D — fi) to this, arranging the factors of 
the latter operator conveniently, as is allowable by Art. 54 ; 
this gives ^ 

and since D — a. acting upon — • — X, must by defini- 

^ ^ D-a D-p ' ^ 

tion give — X, this becomes D — Q * X, which is 

X by the definition of -— — . This reduction shows that the 
particular integral might equally well have been written 

1 X. 



{!> - P){D - a) 



Also, — X may be written in the form 

w 1 . ,^^ 



a-p\D-a D-P^ 

which is obtained by resolving the operator into partial 
fractions. The result of operating upon this with 
Lf^^{a + P)D + ap is 

-l^|(Z>-^)(Z>-«)^X-(Z)-„)(7>-^)^-^x{, 
and finally, X. 
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The statement immediately preceding this example can easily 
be verified for the general case by a method similar to that 
used in this particular instance. 

58. Methods of finding the particular integral. It is thus 
apparent that the particular integral of equation (2) Art. 56, 

namely, X, may be obtained in the two following ways : 

(a) The operator may be factored ; then the particular 

integral will be J\ ) 

1 1 1 ^. 

D — '»ij D — m^ D — m^ 

On operating with the first symbolic factor, beginning at the 
right, there is obtained 

11 1 r 

— — -—-± ^n' I €-~«'XdaJ:* 

D — rrii D — m^ D — m„_ , J 

then, on operating with the second and remaining factors- in 
succession, taking them from right to left, there is finally 
obtained the value of the particular integral, namely, 

e«ix I g(m,-mt)x j ... j e-"»n« X(d!a;)". 

(h) The operator may be decomposed into its partial 

fragtions ^^ ^ 

^- I ^» I I ^» . 



D — mi D — m^ D — m„ 

and then the particular integral will have the form 

Of these two methods, the latter is generally to be preferred. 
Since the methods (a) and (b) consist altogether of operations 

of the kind effected by upon X, the result of the latter 

D — a ^ 

operation should be remembered. Now, X is the par- 

D — a 

ticular integral of the linear equation of the first order, 
* This is made clear in the hist paragraph of this article. 



S 68, 59] 8U0HT METHODS. 73 



which has been discussed in Art. 20 ; its value is 

erCe "^Xdx. 

The term Cje"* in the solution of this equation is the comple- 
mentary function. 

Ex. 1. Solve g-6^ + 6y = e*«. 
This equation written in symbolic form is 

or (i>-3)(2>-2)y = 6^; 

hence the complementary function isy = cie^ + C2€^ ; and the particular 
integral is 

y = -i l_e^ = /-^ L_U 

^ B-S D-2 \D-S D-2) 

and henc& the general solution is 

Ex. 2. Solve 3^-w = 2 + 6x. 
Ex. 8. Solveg+2| + i, = 2««.. 



Ex.4, solve ^-^-8^?+12, = X 



dx^ dx^ dx 

59. ^Short methods of finding the particular integrals in certain 
cases. The terms of the particular integral which correspond 
to terms of certain special forms that may appear in the sec- 
ond member of the equation, can be obtained by methods that 
are much shorter than the general methods shown in the last 
article. The special forms occurring in the second member 
which will be discussed here are : 
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(a) e"*, where a is any constant ; 

(b) »"•, where m is a positive integer ; 

(c) sin ax, cos ox ; 

(d) e" Vy where V is any function of x ; 

(e) xV, where V is any function of x. 



60. Integral corresponding to a term of form e^ in the second 
member. The integral corresponding to e*" in the second 

member of the equation /(/>) y = X, is e^ ; this will be 

1 f\P) 

shown to be equal to -- — e"*. 

Successive differentiation gives X)"e*^ = a^e*" ; the terms 
appearing in /(/>) are terms of the form Z>", n being an integer ; 
therefore ^^^^ ^ ^^^^^ ^^ 

Operating on both members with 



f{Dy 



^ /(i>)e~ = ^/(a)e«; 



f{Dy^ ' f{D) 

and this, since — — and fiP) are inverse operators and /(a) 
is only an algebraic multiplier, reduces to 

whence e"* = e*". 

f{D) f(a) 

The method fails if a is a root of /(/>) = 0, for then 



In this case, the procedure is as follows. 

Since a is a root of f{D) = 0, {D — a) is a factor of /(/>). 
Suppose that f{D) = (D-d)<t> (D) ; then 



/(/>) {D-a)<i>{D) {D-a)4^((i) ^(a) 
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If a is a double root of f(D) = 0, then D ^ a enters twice as 
a factor into /(/>). Suppose that f(D) = (Z> — ay ij/ (D) ; then 

1 ga.^_l__l_e«^ 1 e« x'e^ 



f(D) (D - af ^ (D) (D - ay ^ (a) 2 ,/. (a) 

The method of procedure is obvious for the case when a is 
a root of /(/>)= 0, r times. 

Ex. 1. Solve + y = 3 + 6-* + 6c*«. 

Written in symbolic form, this equation becomes 

Here the roots of /(!))= are — 1, " ^-^ ^ ; hence the com- 
plementary function is 

ce- + e-iU cos ^ + c« sin ^y 
The particular integral is • 

^ (3 gO-' + «-* + 5 62«) ; 



i>8 + l 



substitution of and 2 for D, on account of the first and third terms, gives 
3 + I e^*. But —1 is a root of Z)8 + 1, hence, factoring the denominator. 



Z>8+1 "^D + l D^-D-\-\ Z> + 1 3' 

on substituting — 1 for Z> in the second factor ; the last expression is 
equal to ^^ ; hence the complete solution is 

y = ce-'-\- e%ci cos^ + C2 sin « ) + 3 + - e^r 4. ^^, 

Ex. 2. Find the particular integrals of Exs. 1, 3, Art. 58, by the short 
method. 

Ex. 8. Solve 1^ - y =(e* 4. 1)2. 
Ex.4. Solve g-2|4-, = 3eh 

61. Integral corresponding to a term of form of* in the second 
member, m being a positive integer. When o:^ is to be 
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evaluated, raise f(D) to the (— l)th power, arranging the 
terms in ascending powers of Z>; with the several terms of 
the expression thus obtained, operate on af* ; the result will be 
the particular integral corresponding to a?"*. It is obvious that 
terms of the expansion beyond the mth power of D need not 
be written, since the result of their operation on af* would be 
zero. 

Ex. 1. Solve (/)» + 3 2)2 -f- 2 D)y = x^. 

The roots of /(2>) are 0,-2, — 1 ; and hence the complementary 
function is ci + 026"^* 4- Cse~*. 
The particular integral 

1 



.,«v- 



2D\ ^ 2 I 



^^ =2^(«^'-3«+i) = ^(2x»~9x + 21), 

— X being merely 1 xdx. 

The complete solution is y = Ci + c^fT^ + Cae"* + -^ (2 a;^ - 9 x + 21). 
The operator on x^ could equally well have been put in the form 

2VZ> 2 4 y ' 

and this gives the result already obtained. One might think that it would 
be necessary to add another term, Ifi^ in this form of the operator ; but 
the result for this term would be a numerical constant; and this is already 
included in the complementary function. 

Ex. 2. Solve Ex. 2, Art. 58, by this method. 
Ex.8. Solve ^-f 82^ = a^ + 2a; + l. 

62. Integral corresponding to a term of form sin ax or cos ax 
in the second member. Successive differentiation of sin a/x gives 

D sin ooj = a cos ooj, 
Z>^ sin oa: = — a* sin a/x. 
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D^ sin ax = — a^ cos ax, 

D* sin ax = -{-a'^ sin aa? = (— a^^ sin oa?, 

and, in general, (Z>^" sin oo? = (— a*)** sin aac. 

Therefore, if <f> (1^) be a rational integral function of D^, 

<^(ZF) sin oa; = <^(— a^ sin oa;. 

From the latter equation and the definition in Art. 57, it 
follows, since <^(— a^ is merely an algebraic multiplier, that 

1 . 1 . 

sin oa? = — r- sin ax. 



Similarly, it can be shown that 

1 __ 1 



cos aoi = — : — cos CKB ; 




and, more generally, that 

^sin(aa; + a)=^^8in(aa, + «), 

and — -— — cos (ax + a) = — ; — cos (ax -|- a). 

that is, (2)8 + i>2 _ 2) _ i)y = cos2 «. 

The complementary function is Ci€* + e-*(C2 + Cso;) ; and the particular 

integral = cos 2x = cos 2 x 

^ D^ + L^-D-l D+1 2)2-1 

= -^"^ cos2x = ^^~^^ cos2a; 
(2)2 - 1)2 25 

2 . o cos2x 
= sm 2 X — : 

26 26 

hence the complete solution is 

y = cie« + e-*(C2 + Csx)- - sin2x -^^^. 

25 25 

The number, — 4, might have been substituted for 2)2 at any step in 
the work. 
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Ex. 2. Solve ^ + a^ = cos ax. 

The complementary f anction is ci cos ax + c^ sin ax ; the particular 

integral is — cos ax = cos ax : and thus the method fails. 

2)2 + a2 - a2 + a2 

In this case, change a to a -\- h; this gives for the value of the particular 

integral,-- -co8{a + h)x; this expression, on the application of the 

L^ -\- a^ 

principle above and the expansion of the operand by Taylor's series, 
becomes — (cos ax — sin ax- hx — cos ax • _L£_ + ...). 

The first term is already contained in the complementary function, 
and hence need not be regarded here ; the particular integral will accord- 
ingly be written 

1 kx^ 

(x sm ax H cos ax + terms with higher powers of h) ; 




+ h 12. 

X sin fici' 
mg h approach zero, this reduces to iizimi±. 

2a 
complete integral is y = ci cos ax + Cg sin oa; + 

Ex.8. Solve ^-4y = 2sin*a;. 
dx^ ^ ^ 



X sm ax 
2a 



Ex. 4. Solve ^-^ + y = sin 3 X — cos^ 1 a. 

63. Integral corresponding to a term of form €i°^V in the 
second member, V being anjr function of x. 

Since DeT V = e'D V + ae" V== €r(D -\- a)V] 

and ]y^V= aef^{D -h a) F4- ^D (D + a) V= e^(D -f a)*F; 

and, in general, as is apparent from successive differentiation, 

D^e^V= ^(D + a)"F; 
therefore, f(D)e^V= e^f(D + «) F. (1) 

Now put f(D -{-a)V=V,', then F= ^^ F^. Also, F, 

will be any function of x, since F is any function of x. Sub- 
stitution of this value of F in (1) gives 
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whence, operating on both members of this equation with 
•j and transposing; i 



AD) 



^ e"r, = e"— =^^ — -r„ 



\. f{D) f(D + a) 

where Vi, as has been observed, is any function of x, 

Ex. 1. Solve H- y = aJe^. 
The complete solution is 

w = Cicossc 4- CasinacH xe^. 

Z>2-|- 1 

By the formula just obtained, 

^ xe^ = e^ ^; X = e2* x ; 



2>2 + 1 (i> + 2)2 + 1 5 + 4 D + Z>2 

and this, by the method of Art. 61, gives the integral — (6x — 4). 
The complete solution is 

y = CiCOsa; + C2Sinac + ^-(6x — 4). 

Ex. 2. Solve ^+3^+2y = e2«sinx. 
dx^ dx 

d^ 
Ex. 8. Solve 3-^ + 2 w = x^^ + 6« cos2ic. 
ax^ 

64. Integral corresponding to a term of the form xV in the 
second member, V being any function of x. Suppose that a term 
of the form a? F occurs in f{D)y = X, 

Differentiation shows that 

DxV =^xDV^ F, 

l>2a?F=«i>«F-f 2Z>F, 

• • . « . 

D^xV= xiy V + riZ>»-i F; 
or, as it may be written, = xD^V-\-( — Z>" jF. 

Therefore, f(D)xV= xf(D)V-^f'(D) F. (1) 
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The formula in the ease of the inverse operator — — is 
derived in the following way. -^ ^ ^ 

In formula (1) put f(D) V= Vi. Then V= -j— V^. Since 

V is any function of x, Vi is any function of x. The substitu- 
tion of this value of V in (1) gives 

On operating on both members of this equation with 



ancT transposing, •'^ ^ 



f{D) f(D) f(D) •' ^ ' f{D) 

The particular integral corresponding to expressions of the 
form QfVy where r is a positive integer, can be obtained by 
successive applications of this method. Constants of integra- 
tion should not be introduced in the process of finding par- 
ticular integrals. 

Ex. 1. Find the particular integral of Ex. 1, Art. 63, by this method. 



The particular integral = — ^ — xe^-' = (x -i— - • 2 d\ —-^ — 

^ ^ D^+l \ i>^+l J I^ + l 



fSx 



= ^ 1 22>^ 

5 Z>2 + 1 5 

" 5 "Z)2 + 1 6 

Ex. 2. Solve -v4 + 4 y = a; sin a:. Ex. 8. Solve -^.-y = x^coa x 

dx^ dx^ 

EXAMPLES ON CHAPTER VI. 

1 (Z)« - 13 2)8 + 26 2>2 + 82 Z> + 104)y = 0. 



§ M.] EXAMPLES. 81 



4. g+4s, = sin3a: + e« + xi'. 18. g_ 2^ + j, = ^6*.. 

oa; (KB J4 

ift — i — <i*« — r* 
6. (Ifi - a^)y = e" + e'". "' da^ ay -a;. 

(Pj( d^y (.(ly.r.^.^ .. d'y ^<Vy d^y_ 

21. ^^ + 3j| + 3l^+S, = e- 

22. (i)* - 2 2)8 - 3 D^ + 4 i> + 4)2/ = xV. 

24. ^3-y = xsmx4-(l + a;2)«x. 

25. (Z>2-47) + 3)2/ = e«cos2x + cos3a;. 

26. (Z>8 - 3 /)-2 + 42) - 2)y = 6' + cosx. 

27. (Z>2-9Z> + 20)y = 20x. 

28. (Z>8~'3 2)2 + 4)y-g& 

ATT) I )l/- 

30. Show tliat — ~ — X, where iVand ilf are constants, is equal 

(D-a)24-/32 

to twice the real part of —^ ( \ X operated on by ND + M; 

2 I j8 \ D — a — 1)3 / 

that is, to ^JUmM f e-- C08/3X • Xdx - ^!^L^2iJ?? Ce a. sin fix . Xdx, 

P J fi J 

(Johnson, Diff. Sq., Art. 106.) 
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CHAPTER VII. 

LINEAR EQUATIONS WITH VARIABLE 

COEFFICIENTS. 

65. The homogeneous linear equation. First method of solution. 

This chapter will treat of lioear equations in which the 
coeffi-cients are functions of x. For the most part, however, 
it will discuss only a very special class of these equations, 
namely, the homogeneous linear equation. 

A homogeneous linear equation is an equation of the form 

where pi, p^, •••, p„, are constants, and X is a function of x. 

This equation can be transformed into an equation with 
constant coefficients by changing the independent variable x 
to z, the relation between x and z being 

z = log x, that is, aj = e*. 

If this change be made, then 

dy ^dydz ^1 dy 
dx"^ dzdx~~ x dz^ 

da^ x^\ds^ dz/ 



da?^ 

) 
dry _ 

daf 



a?\d^ dz'^ dz/ 
. • . • 

1 /d[**v n ' n — l d'^'hi . . , ^ v« i , ^ dy\ 
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On putting Z) for — , and clearing of fractions, these equa- 
tions become 

a?^ = D(D-l)(D-2)y, ^^^ 



x-g= 2) (D - 1)(Z) - 2) ... (D - n + 1) y ; 

and, in general, the operators only and not the operand being 
indicated. 



^£ = DiD-l)...(D-r + l). 



(3) 



Hence, the substitution of e' for x in (1) changes it into the 
form 

{D{D-1) •■' (D-n+l)+piD(D-l) ■"(D-n+2)+ - +p^\y 

= Z, (4) 

where Z is the function of z into which X is changed. 

Equation (4), having constant coefficients, can be solved by 
the methods of the last chapter. If its solution be y = f(z)y 
then the solution of (1) is y = fQogx). 

Therefore equation (1) can be solved by putting x equal to 
e*, thus changing the independent variable from x to z, which 
reduces the given equation to one with constant coefficients; 
and then solving the newly formed equation by the methods 
of the preceding chapter. 



Ex. 1. Solve a;2 






x|+y = 21ogx. 



On changing the independent variable by putting x equal to e*, this 

equation becomes 

{Z>(i>~l)-Z> + l}y = 25r. 
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On solving this equation by the methods of Arts. 51, 61, the complete 
integral is found to be 

y = e'(ci + C2ar)+2 2-|-4, 
which, in terms of x, is 

y = x{ci -f C2log«)+ 21ogaj + 4. 

Ex. 2. Solve «^x|+ y = 3x*. 

66. Second method of solution : (A) To find the complementary 
function. The solution of 

^^ + Pi^''^^, + ... + p,y = X (1) 

can be found directly, without explicitly making the trans- 
formation shown in Art. 65. 

The first member of (1) becomes, when a;"* is substituted 
for y, 

\m(m^ l)(m— 2) ... {m — n-\- 1)-{- pim(in — 1) .•• (m — n 4- 2) 

Therefore, if 

m(m — 1) ••• (m — n -f 1)-|- j)i7?i (m — 1) ... (m — n -f- 2) 

+ -+i>„ = 0, (2) 

the substitution of af" for y makes the first member of (1) 
vanish ; and then x" is a part of the complementary function 
of the solution of (1). Tlierefore, if the 7i roots of (2) are 
mj, wia, •••,m„, the complementary function of the solution of 
(l)is 

the c's being arbitrary constants. 

It will be noticed that the first member of (2) is the same 
function of 7n as the coefficient of y in equation (4) Art. 65 is 
of D. Therefore, corresponding to an integral y = oif^ of (1), 
there is an integral y = ^* of (4) Art. 65 ; and hence, as has 
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already been seen, an integral of (1) can be obtained by substi- 
tuting log X for z in the integral of (4) Art. 65, Therefore, if 
(2) has a root mi repeated r times, the corresponding integral 
of equation (4) Art. 65 being 

the integral of (1) is 

y = iB*jCi -f Cjlogaj H h CrQogxy ^. 

Similarly, if (2) have a pair of imaginary roots a ± ifi, the 
corresponding integral of (4) Art. 65 being 

y = e**(ci cos ^z -j- Ci sin ^z), 

the integral of (1) is 

y = ic*{ciCos(^logaj)-|- Cj sin )8 (logo;)}. 

Ex.1. Solve aj8^^+ 3x2^ + x|?+y = 0. 

dx^ dx^ dx 

Substitution of x"» for y gives 

the roots of this equation are — 1, ^^ ' ^ ; 
aud hence the solution is 

y =^i + x2|c2COs^^Mogxj + C3sinf ^~ logxj |. 

Ex. 2. Find the complementary functions of Exs. 1, 2, Art. 66, by this 
method. 

Ex. 8. Solve x*f^ + 6x'i^-^+ 0x2^+ Sx^f^^- y = 0. 

dy^ dxr clx^ dx 

67. Second method of solution : (B) To find the particular inte- 
gral. In this article and the two following, the particular 
integral of 

will be found. 
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Since the symbol D in (3) Art. 65 stands for — , that is, 
, dz 

for X — , this equation may be written 
dx 

^d^ d f d A / d ,i\* 

of — = X — X 1 ]'"{x r -h 1 );* 

daf dx\ dx J \ dx j 

therefore (1), when ^ is substituted for x — therein,! takes the 

n dx 

form 

The coefficient of y here is the same function of B as the 
first member of (2) Art. 66 is of m. 

Let this equation be written in the symbolic form 

my=X. (3) 

The method deduced in Art. 66 for finding the comple- 
mentary function of (3) may on making use of the symbol $ be . 
thus indicated: If the n roots of f{6) = are 6i, d^ •••, $^, the 
complemcDtary function of (3) is 

the c's being arbitrary constants. 

I 

The particular integral of (3), after the manner used in the 
case of f(D)y = X, in the last chapter, may be expressed in 

the form -— r-.X. A method for evaluating —r—X must now 

m m 

be devised. 

68. The symbolic functions f(ff) and -— . As to the direct 

symbol /(^), it is to be observed that its factors are commuta- | 
tive. For example. 



* See Forsyth, Differential Equations, Arts. 36, 37. 

t Thus stands for the — of Art. 66, which was there symbolized by 

dz , 

D ; but as D had already been used to indicate — , this new symbol is 
required. ^^ 
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and (e-^a){e-m-y)y = ^%'^{^-^-P-y)^% 

and this shows, by the symmetry of the constant coefficients, 
that the order of the operative factors is indifferent. The 
student can complete the proof of this theorem concerning f{$) 
for himself. 

If -— — X be defined as that function of x which when 

operated upon by f{6) will give X, then it can be shown, by the 
method followed in Art. 57 in the case of the symbolic func- 
tion - v:-, that — — can be decomposed into factors which are 

commutative ; and also that it can be broken up into partial 
fractions. 

69. Methods of finding the particular integral. It is thus 
apparent that the particular integral of (3) Art. 67 can be 
found in the following ways: 

(a) The operator —— may be expressed in factorial form, 
and -— — X will then become 

-A 1 L_x, 

here the operations indicated by the factors are to be taken 
in succession, beginning with the first on the right ; the final 
result will be the particular integral. 

(b) The operator -— may be broken up into partial frac- 

f(0) 

tions, and consequently -— - X be thus expressed, 
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the sum of the results of the operations indicated will be the 
particular integral. 
Since the methods (a) and (b) are made up of operations of 

the kind effected by upon X, the result of the latter 

$ — a 

operation should be impressed upon the memory. 
Now, X is the particular integral of the linear equar 

tion of the first order 

x-^ — ay = X. 
dx 

The particular integral of this equation, by Art. 20, is found 
to be x^ I X * ^Xclx ; therefore 

-J— X = a^ Cx-<^-^Xdx. 
6- a J 

Hence the method (a) will give 

as the value of the particular integral of (3) Art. 67 ; and the 
method (6) will give 

NiX^i Cx-''i-^XdX'\-N2X^ Cx-^-^Xdx -\ -f iV„aj*» j «""««-' X(/.i- 

as its value. 

AVhen a term is one of the partial fractions of 

(6 - a)" ^ 

(b)j the operator -— — must be applied to X, n times in suc- 
cession ; and this will give the result 

x^ Cx-^ Cx-^ r... Cx'''-^X(dx)\ 

Ex.1. So\Yex^^X-2x^-4y = x^. 

dx^ dx ^ 

Here f{0) is ^(^ - 1) ~ 2 ^ - 4, which reduces to {$ - 4)(^ + 1). 
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Hence the complementary f uuctiou is CiX^ + — , and the particular 

1 * 

integral is x^. 

(6 -4X6 -hi) 
On using partial fractions, the latter will be written 

- 1 7 X* X* ) ; this reduces to 

Jx* rx-*-^+*dx — i X-* i X* ^+^dx, which on integration is 

X* logx X* 
5 26* 

The complete integral is, therefore, 

the term — — is included in the term cix^ of the complementary f unctioi 
26 

Ex.2. Solve x2^+ 5x^^ + 42/ = x*. 

dx^ dx 

Ex.8. Solve x«^^+ 2x^-20 y=(x + 1)2. 

70. Integral corresponding to a term of form o^ in the second 
member. In the case of the homogeneous linear equation, as 
in that of the equation discussed in the last chapter, methods 
shorter than the general one can be deduced for finding the 
particular integrals which correspond to terms of special form 
in the second member. For instance, 



f(6) f{m) 
Pboof: ( x-t-Jx* = mx*, f x— j x"» = wi^x"*, and for any positive 

integer r, f x-r- 1 x"* = wx". Now/(^) is a rational integral function of 
d, and therefore /(^)x'" =/(m)x'». 

Applying to both members of this equation, and transposing, 

/(^) 
f(m) being merely an algebraic multiplier, 

x" = X*". 



/(«) /(•») 
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If m is a root of f(e) = 0, then f(m) = ; and hence the method fails. 
In this case/(^) can be factored into (0 — m)4>(^0) ; the particular integral 

then becomes a;", which reduces to — - — . — - — «"•: this is 

e^m4>{e) 4>{m) 0-m 

equal to ?!^l2i^. 
0(m) 

If m is repeated as a root r times, f(0) = F{0) {0 — w)', and the cor- 
responding integral is a:"», which has the value ^"'(^Qg^)*' . 

F{m) {0 - my r ! F(m) 

Ex. 1. Solve x2^ + 7 a;^ + 6 2/ = x6. 

Here /(^) is ^ + 6^ + 6; 

hence the complementary function is cix'^ + Cgic"* ; and the particular 

1 x^ 

integral is — x^, which, on substituting 6 for 0, becomes - • The 

complete solution is thus 

y = CiX-8 + C2X-^ + — • 

uO 

' Ex. 2. Find the particular integrals of Exs. 1, 2, 3, Art. 69 by this 
method. 

71. Equations reducible to the homogeneous linear form. 

There are some equations that are easily reducible to the 
homogeneous linear form ; and hence also to the form of the 
linear equation with constant coefficients ; for, as has been seen 
in Art. 65, these two forms are transformable into each other. 
Any equation of the form * 

(«+^*)"§+^'("+^*)""'£^'+- 

+ P,_, ia + bx)^+P^ = F (x), (1) 

where the coefficients Pi, ..., P„, are constants, is transformed 
into the homogeneous linear equation, 

dz" b dz"-^ 6* dz"-^ 

+ :^>4 + ^«y=l i?.fl^y (2) 
6"-^ dz 6" 6" \ 6 y ^ 

* This is known as Legendre's equation. See footnote, p. 106. 
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when the independent variable is changed from x to z, by the 
substitution of z for a-\-bx. 

If the solution of (2) be y = F(z)y the solution of (1) is 
f^ = F(a -h hx). 

If e* had been substituted for a -\- hx, the independent vari- 
able thus being changed from x to ty there would have been 
derived a linear equation with constant coefficients. 

Ex. 1. Solve (6 + 2 a:)2^ - 6(5 + 2 x)^ 4- 8 y = 0. 
Ex. 2. Solve (2 ic - 1)8^ 4- (2 X - 1)^^ - 2 y = 0. 

EXAMPLES ON CHAPTER VII. 

doi^ xdx^ x^dx 7? ~ 



7. l«(x + l)«g + 96(x + l)''g+104(x+ 1)^2+8(05 + 1)2 + » 

= x» + 4x + 3. 

>. (x^D^ + xi) - l)j; = x~. 

9. (x»i;"-3xi) + 4)y = x». 

10. (x«i)« + ^t?D> + 9x2i)» + 3xZ) + l)j^ =(1 + logx)'. 

a x«^^ + 2x«^-x2^ + x«-l 

^^- *^dx» + "* "^ (?x-i "^ ,fa + ^^ - ^• 

12. (x2i)» + 3xD + l)y= ' 



(1 - x)" 
18. x'^D* -(2m- \)xD + (m' + tfi)y = n'x-logx. 



•1 



da;2 dx " X '^^^ 
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CHAPTER VIII. 

EXACT DIFFERENTIAL EQUATIONS, AND EQUA- 
TIONS OF PARTICULAR FORMS. INTEGRATION 
IN SERIES. 

72. In this chapter linear differential equations that are 
exact will be first discussed, and then equations of certain par- 
ticular forms will be considered. Some of the latter come 
under some one of the types already treated ; but in obtaining 
their solutions, special modifications of the general methods 
can be employed. It often happens that an equation at the 
same time belongs to several forms ; instances of this will be 
found among the examples in Arts. 76, 77, 78, 79, 80. 

73. Exact differential equations defined. A differential 

equation, 

fd-y dy \ 

^[d^''"^d^y==^^ 

is said to be exact when it can be derived by differentiation 
merely, and without any further process, from an equation of 
the next lower order 

Exact differential equations of the first order have been 
treated in Art. 11. 

74. Criterion of an exact differential equation. The condition 
will now be found which the coefficients of a differential 
equation, , ,„., 
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must satisfy in order that it be exact. The coefficients Pq, 
Ply •••, P„, are functions of a;; in what follows, their successive 
derivatives will be indicated by P', P", •••,P**\ 

The first term of (1) is evidently derivable by direct differen- 

tiation from Pq ^ , which is therefore the first term of the 

integral of (1); on differentiating this and subtracting the 
result from the first member of (1), there remains 

(A - AOg^ + P.|3 + ... + P^. (2) 

The first term of (2) is evidently derivable by differentiation 

from (Pi — Po') ^> which is therefore the second term of 

d3if^ 

the integral of (1). On subtracting the derivative of this term 
from (2) there remains 



The first term of this expression is derivable from 



(A-A'+Po")J3, 



daf- 

which will therefore be the third term of the integral of (1). 
By continuing this process, the expression 

|P„_, - P„_s' +..+(- i)"-'P„'— '} % + Pny (8) 

will be reached, the first term of which is evidently derivable 
from 

\Pn-l - PnJ + - +(- lY''Po'''-''\y^ (4) 

Both terms of (3) will be derived from the expression (4), if 
the derivative of the coefficient of {y) in (4) be equal to P„, 
that is, if 

But if both terms of (3) are derivable from the expression 
(4), an integral of (1) has now been obtained in the form 
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+ - + \Pn-l - PnV + - (- irPo'''-''\y= C,. (6) 

Therefore (1) has an integral (6), that is, (1) is exact if its 
coefficients saJtisfy condition (5). 

75. The integ^ration of an exact equation ; first integrals. If 

the second member of (1) Art. 74 be /(a), and condition (5) 

be satisfied, the second member of (6) will be if(x)dx 4- c. 

If equation (6) Art. 74 is also exact, its integral can be found 
in the same way; and the process can be repeated until an 
equation of the second or higher order that is not exact is 
reached; in some cases, this process can be carried on until 

a value of -^, or of y is obtained. Equation (6) is called b, first 

integral of (1) Art. 74. 

It is easily proven by means of Arts. 3, 4, and Note C, p. 194, 
that any equation of the nth order has exactly n independent 
first integrals.* [See note, page 108.] 

Sometimes equations that are not linear can be solved by 
the * trial method' employed in the case of (1) Art. 74, for 
instance, Exs. 6, 7, below. 

Ex.1. Solve xg + (a=^-.3)g+4x|+2, = 0. 

This is neither a homogeneous linear equation, nor one having constant 
coefficients. In it, Pq = a;, Pi = x' — 3, P2 = 4 x, Ps = 2 ; and the con- 
dition that it be exact is satisfied by these values. 

Integration gives 

The condition under which this equation is exact is also satisfied ; inte- 
grating again, 

* See Forsyth, Differential Equations^ Arts. 7, 8. 
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This is not exact, but it is a linear equation of the first order, and 
hence solvable by the method of Art. 20. The solution is 



Hfi 



= ci j ^dx + cA -dx -h cz. 



Ex.2. Solve x<^^+3x3^ + (3-6x)x2y = x* + 2x-5. 

The coefficients of this equation do not satisfy condition (5) Art. 74 ; 
and hence it is not exact. However, an integrating factor x"* can be 
deduced, which will render it an exact differential equation. 

Multiplication by x"* gives 

^^""S^ ■*■ ^^"*f^ + (3 - 6 a;)x2+"»y = (x* + 2 a; - 6)x-. 

Application of condition (5) Art. 74 to the first member, shows that 
for that condition to hold, m must satisfy the equation 

(w + 2)(w + 7)x'»+3 - 8 (w + 2)x'»+2= 0; 

that is, m must be equal to — 2. 

On using the factor — , the original equation becomes 

X 

ax* ax ^ ^ XX* 

which is exact. 

Integration gives the first integral 

» linear equation of the first order. 

Ex.8. Solve x^+2x^^ + 2y = 0. 

ilx^ dx 

Ex.4. Solveg + 26'^ + 26^ = x«. 

Ex. 6. Solve ^x^,-| + 2 X / + 3 y = x. 
^ dx^ dx ^ 

Ex. 6. Find a first integral of ^^^ - x^yf^ = xy«. 

uxax ox 



Ex. 7. Solve x*y^ + (jg _ y^ _ 3 y« = 0. 
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76. Equations of the form ^=/(a?). 

This is an exact differential equation. Integration gives 
- — ^ = I f(x) cte -f C| ; a second integration gives 



= fff{^){dxy'hc,x-\-C) 



daf" * 
by preceding in this way, the complete integral 

y = fj" jf(^)(j^^y + "i^*" * + <^ * H H «»-!« + a„ 

is obtained. 

Ex. 1. Solve -,^ = a;e». 

Integrating, ^ = x«» - c + ci, 

^ - xe* - 2 6* + cix + ca, 
ax 

y = xe* — 3 e* + cx^ + c«x + Cs. 

This equation could also have been solved by the method of Chap. VI. 

d^v 
Ex. 2. Solve — ^ = x'". 

Ex. 8. Solve x2^+ 1 =0. 

dx* 

Ex. 4. Solve ^ = x2sinx. 
dx^ 

T7. Equations of the form w^=/(y)- ^^ equation of the 
form 

which in general is not linear and is not an exact differential 
equation, can be solved in the following way : 

Multiplication of both sides hy 2~- gives 
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integrating, (^ = 2j7(2/) dy -f- c,. 
From this, — -^ = dx, 

whence j — — = a; -h Cj. 



\2ff{y)dy + c,\ 



Ex. 1. Solve 3-^ + «^ = 0. 
ox' 

Multiplying by 2|. 2|g=-2«^|; 

integrating, (^)^ = ~ "^^ + ^» = ^^(^* " ^) 

on putting a^c^ for Ci ; 

separating the variables, - — — = a dx, 

and integrating, sin"! -= ax -\- c^-, 

c 

hence, y = c sin (ax + C2) . 

The given differential equation is linear, and y can be obtained directly 

by the method of Art. 52. The roots of the auxiliary equation being 

-b ia^ the solution is . . 

^ ' y = ci sin ox + C2 cos ax ; 

that is, y = Ci sin (ox + Cs). 

This equation is an important one in physical applications. 

Ex. 2. Solve ^ = ^ 



^^ y/ay 

Ex. 3. Solve — I + '^ = 0. 
dx^ y^ 

Ex. 4. Solve ^ - a2y = 0. 
dx^ 



78. Equations that do not contain y directly. The typical 
form of these equations is 
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Equations of this kind of the first order were considered in 
Art. 26 ; and those of Art. 76 also belong to this class. 

If 1, be substituted for |, then g = |,..-, g = £^; 
and (1) takes the form 



doif 



/(:jz;r-r» -•, i>.i aj)=0, 



an equation of the (n — l)th order between x and p ; and this 
may possibly be solved for p. Suppose that the solution is 

then 2^ = I F{x) dx-\-c. 

If the derivative of lowest order appearing in the equation 
be -T^, put -^=py find jp, and therefrom find y by Art. 76. 

dx^ dx^ dx 

dv 
Putting p f or -5^ , this becomes 

integrating, p = cix^ + c^ + 2^ 

whence y = ax^ + 6x* -|- 1 x + c. 



Ex. 2. Solve ^ 
dx^ 



Ex.8. Solve (l + .^)g+l+(|y = 0. 
Ex.4.Solve2.g5 = (gy-«. 

79. Equations that do not contain x directly. The typical 
form of these equations is 
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Equations of this kind of the first order were considered 
in Art. 26 ; and those of Art. 77 also belong to this class. 

civ 
If p be substituted for -p, then 

and. (1) will take the form 



Jd^-'p \  



an equation of the (w — l)th order between y and p which may 
possibly be solved for p. Suppose that the solution is 

P = f{y) ; 

then the solution of (1) is 

EX. S. solve ,g.(|y=l. 

Ex.8, solve ,g-(|y=,Mog,. 

Ex. 4. Solve ^ + 2^^ + ^f f^V= by the method of this article, 
dx^ dx \dx/ 

and by that of Art. 78. 

80. Equations in which y appears in only two derivatives 
whose orders differ by two. The typical form of these equa- 
tions is 

AdI' d^- ")='• ^'^ 



100 DIFFERENTIAL EQUATIONS. [Ch. VIII. 



If q be substituted for l^ , then -=-^ = -r^ ; and (1) becomes 



/(g,„«)=o, 



from which q, that is, '^ y may be found. Suppose that the 
solution is 

then y can be found by the method of successive integration 
shown in Art. 76. 

Ex. 1. Solve ^ + a^ ^4 = both by this method and that of Chap. VI. 

Ex.2. Solve 3^ - m2-r:|=e«* both by this method and that of 
dx^ dx^ 

Chap. VI. 

Ex. 8. Solve a;2^ 4- a2^ = 0. 

dx^ dx^ 

81. Equations in which ?/ appears in only two derivatives 
whose orders differ by unity. The typical form of these equa- 
tions is 

JdTy dr-^y \ ^ 



If q be substituted for ;t-^, then -^ = -^ ; and (1) bee 



an equation of the first order between q and a?; its solution 
will give the value of q in terms of a?. Suppose that the solu- 
tion is 
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then, from this relation, by successive integration, the value of 
y can be deduced. 

Ex. 1. Solve «^^2^ = «. 

On putting q for -^^ this becomes 

o dq 

dy 



integrating, aq = a~- = VxM-c^ ; 

integrating again, ay = \ [xVxM^ + c^ log (x + Vx^ + c^) + cj]. 

B... solve ag=[..(|)f 

E..». solve x3 + 1=0. 

Ex.4. Solvef^.^ = 2. 
dx^ dx^ 

82. Integration of linear equations in series. When an equa- 
tion belongs to a form which cannot be solved by any of the 
methods hitherto discussed, recourse may be had to finding 
a convergent series arranged according to powers of the inde- 
pendent variable, which will approximately express the value 
of the dependent variable. For the purposes of this article 
it is assumed that such a series can be obtained.* 

Suppose that the linear equation 

can have a solution of the form 

y = A^ -f ^laf** -t- A^ + - + A^ -|- ..., (2) 

where the second member is a finite sum or a convergent series 
for some value or values of x. Concerning this series three 
things must be known : namely, the initial term, the relation 



• See Note B. Also Forsyth, Differential Equations, Arts. 83, 84. 
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between the exponents of x, and the relation between the 
coefficients. 

The following examples show how these things can be 
determined : * 

Ex. 1. Solve (x-x2)g+4|+2y=0. (1) 

The substitution of «"* for y in the first member gives 

m(m + 3)x«»-i - (m - 2)(m + l)*". (2) 

This shows that, in the case of a series in ascending powers of x which 
is a solution of (I), the difference between the successive exponents of 
X is unity. (The difference between successive exponents may be denoted 
by 8.) Hence, the required series has the form 

^o*"* + ^ia;"»+^ + ... + ^_i3c™+'-^ + ^rX"*+'' + •••. (3) 

The substitution of (3) for y in the first member of (1) gives 

Aom(m + 3)x"»->+ \_Ai(m + l)(m + 4) -^(w - 2)(w + 1)] x*»+ ... 1 ,^. 
+ [-4r(w + r) (m + r + 3) - ^r-i(w» + r - 3) (w + r)]ac«+»-i+ — . ' 

When (3) is a solution of (1), the expression (4) is identically equal 
to zero, and the coefficient of each power of x therein is equal to zero. 
Therefore, on equating the coefficients of x^-^ and 3c"»+'— ^ to zero, it 
follows that 

m = 0, m=-8, ^ = ^i±il=-| ^,._i. (6) 

w + r + 3 

The results (5) give the initial exponents of x and the relation between 
successive coefficients in the series which satisfy (1). Hence, the required 
series are completely determined. 

^ f. . r — 3 . Hence the corresponding series is 

-bor Wl = U, Ar = -^r-l- 

Aoil-ix + ^x^). 

Then At=^^Ao = --\Ao. Form = -3, ^, = !-^^,_,. 

r 

Then Ai = -bAo, A2= 10 Ao, 
As = —10 Ao-, Ai = 6 Aot 
As = —Ao, Ao=Ai— '•• =0. 

Hence the corresponding series is 
Aox-^l - 5x + 10*2 - 10«» 

* Note L contains a general discussion to be read after Exs. 1, 2. 



^r 


"r + 3^'^- 


-1- 




Ai 


= Ao 

1+3 ^ 


:= — 


1^0, 


A2- 


2-3 . 
= 24-3^^ 


= A 


Ao, 


M 


3-3 , 
= 3 + 3^^ 


= 0, 




Aa 


-4 + 3^' 


= 0, 




At: 


= A^ = ... : 


= 0. 
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In each of these series, Ao is an arbitrary constant, hence a solution 
of (1) is 

y = -4(1 - JsK + ^x^) + Bx-\1 - 5ic + 10x2 _ lOx* + 5a;* - a^). (6) 

This is a general solution, since it contains two arbitrary constants. 

The expression (2) also shows that, in the case of a series in descend- 
ing powers of x which is a solution of (1), the difference between the 
successive exponents is — 1. Such a series has the form 

^o*" -h ^ia;«-i + ••• -H ^_ix«-''+i + AfX"^-^ + .... 

Substitution of this in the first member of (1) gives . 

-(w - 2)(wi + l)^ox"» + lAom{m -j- S)-Aim(m - 3)]2c»-i + ... 
-I- [^'-^w -r + l)(m — r + 4) - Ar(m -r -2)(m - r + 1)] «'»-»•+ ••.. 

On equating the coefficients of sc"*, a;"*-*" to zero, it follows that 

m = 2, w = -l, ^^^ w-r-f 4 ^^_^ 

m — r — 2 

On deducing the series corresponding to these values of m in the 
manner shown above, it will be found that a general solution of (1) is 

y=^a;2(l-6a;-i+10ic-2-10a;-3+5a;-*-x-«)+-Ba;-i(l-Ja;-i+A«-2). 
The first of these series is the same as the second in (6) above. 

The procedure when the second member of (1) is not zero 
will be made clear in the first example below. 

Ex. 2. Integrate (1) oi^^^x^+y = x-\ 

dx^ dx 

First find the complementary function. The substitution of x^ for y 
in the first member gives 

(2) m(m - l)x'»+2 4- (wi + l)x"» ; 
whence 8 = — 2, and w = or 1. 

r=oo 

The substitution of ^ ArX'^-^ for y gives 

r=0 

2 [(m - 2 r)(m - 2 r - 1)^^"— z^'+s + (rw - 2r + l)^^*-^^] = 0. 

r=0 

The coefficient of oi^-^+i must vanish ; therefore 

(wi - 2 r) (m - 2 r - 1)^ + (m - 2 r + 3) .i^-i = 0, 
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hence (3) Ar = - -— - — ^ ^-i, 

(m — 2 r) (»» — 2 r — 1) 

which is the relation between the coefficients. 

For m = 0, Ar = » ,l~ I ,v ^-i J 

2r(2r + 1) 

hence -4i = — ——-Aqj 

2 • o 

^ = ^-^2 = - yr^O' ®^- J 
the corresponding series is 

■a l_o 1 A l*3_i. l'3«6_a 

3! 5! 7! 9! 

Form=l, Ar= ^J"^ A-i; 

2rC2r — 1) 

2—4 

hence -4i = Aq = — Aq. 

2(2-1) 

4(3-1) ^ 

and Az, A^^ ••• are each equal to zero ; the series in this case is finite, 
being 

x-l. 

X 

Hence the complementary function is 

^ /l _ la;-2 --Lx-4 - i^a;-« - ... W Sfa; - IV 
V 3! 5! 7! I \ ^1 

In order to find the particular integral, substitute ^osc"* for V ; then 
must m{m— l)-4oa;'"+2 _ /^-i . comparison of the exponents shows that 
m = — 3 ; and hence Aq = ■^^. 

For m = — 3 ; the relation (3) between the coefficients becomes 

(2r + 3)(2r + 4) 

v,^««« A 2. . 24. . 2.4-6 . 

nence -4i = Aq* A2 = Aq. -^s = Aq. ">. 

6-6 6.7-6.8 6.7.9-6.8-10 ' ' 
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and the particular integral is 

12V 5.6 6.7.6.8 )' 

that is, 2a;-8fl +l-a;-2 + ?_iia;-4 + ...Y 

V 6! 8! y 

Ex. 8. Show by the method of integration in series, that the general 

solution of -^ + y = is -4 cos x + S sin ac. 

Ex.4. (2a:^ + l)g + x|+2, = 0. 

Ex.5. 2x20-x| + (l-x-^)y=x2. 

Ex. 6. (I~x2)g_2a;^+n(n + l)y = 0. 

83. Equations of Legendre, Bessel, Riccati, and the hypergeometric 
series.* A fuller discussion of integration in series than is here attempted 
is beyond the limits of an introductory course in differential equations. 
The purpose of Art. 82 has merely been to give the student a little idea 
of a method which is of wide application ; and which is used in solving 
four very important equations that often occur in investigations in applied 
mathematics, — the equations of Kiccati, Bessel, Legendre, and the hyper- 
geometric series. 

Johnson^s Differential Equations, Arts. 171-180, discusses the methods 
to be followed when two roots of (6) Art. 82, become equal, the corre- 
sponding series then being identical ; and when two of the roots differ by 
a multiple of «, one series then being included in the other ; and when a 
coefficient Ar is infinite. 

The equations referred to above, and references to be consulted con- 
cerning them, are as follows : 

t Legendre'' s equation is 

(l-x«)g-2.|+n(«+l), = 0, 

* In connection with this article, the student is advised to read W. E. 
Byerly, Fourier'* s Series and Spherical Harmonics^ Arts. 14-18. 

t Adrien Marie Legendre (1752-1833) was the author of Elements of 
Geometry, published in 1794, the modern rival of Euclid. He is noted 
for his researches in Elliptic Functions and Theory of Numbers. He 
was the creator, with Laplace, of Spherical Harmonics. 
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where n is a constant, generally a positive integer. See Ex. 5, Art. 82. 

(Forsyth, Diff. Eq., Arts. 89-99; Johnson, Diff. Eq., Arts. 222-226; 
Byerly, Fourier^ s Series and Spherical Hai^monics, Arts. 9, 10, 13 (c), 
16, 18 (c), and Chap. V., pp. 144-194 ; Byerly, Hai^monic Functions 
(Merritnan and Woodward, Higher Mathematics, Chap. V.), Arts. 4, 
12-17.) 

* BesseVs equation is 

in which n is usually an integer. 

(Forsyth, Diff. Eq., Arts. 100-107 ; Johnson, Diff. Eq., Arts. 216-221 ; 
Byerly, Fourier^s Series, etc., Arts. 11, 17, 18 (d), and Chap. VII., pp. 
219-233 ; Byerly, Harmonic Functions, Arts. 5, 19-23 of Chap. V. in 
Higher Mathematics; Gray and Mathews, Bessel Functions and their 
Applications to Physics; Todhunter, Laplace* s, Lame's, and BesseVs 
Functions.) 



t BiccatVs equation is 



|+6»* = cx-, 



to which form is reducible the equation x-^ — ay -^ by^ = cx». The 

latter equation is integrable in finite terms when n = 2a, or when —^ — - 

2n 

is a positive integer. Riccati^s equation can be reduced to a linear form, 
but of the second order, — ^ ± chs^u = 0. 

(Forsyth, Diff. Eq., Arts. 108-111 ; Johnson, Diff. Eq., Arts. 204-214 ; 
Glaisher, Memoir in Phil. Trans., 1881, pp. 759-828.) 

* Frederick Wilhelm Bessel (1784-1846) may be regarded as the 
founder of modern practical astronomy. In 1824, in connection with 
a problem in orbital motion, he introduced the functions called by his 
name which appear in the integrals of this equation. 

t Jacopo Francesco, Count Riccati (1676-1754) is best known in con- 
nection with this equation, which was published in 1724. He integrated 
it for some special cases. 
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* The differential equation of the hypergeometric series is 

cPy 7-(a + /3 + 1)3; dy ajS _ 

dx^^ x(l-x) dx a;(l-rK)^" 

This equation has the hypergeometric series 

1'7 1.2'7.7 + 1 

usually denoted by F(a, /3, 7, x), for one of its particular integrals ; and 
has a set of 24 particular integrals, each of which contains a hypergeo- 
metric series. 

(Forsyth, Diff. Eq., Arts. 113-134 ; Johnson, Diff. Eq., Arts. 181-203.) 



EXAMPLES ON CHAPTER VIM. 
^ 1. Show that the following equation is exact and find a first integral. 

_ d2y «« dy x2 



dx^ x(a2 - x2) dx aia^ - x«) 
' 8. (l+x + x^)g + (3 + 6x)g+6| = 0. 

" 4. Findafirstintegralof a:^^ + 4x2^+x(x2 + 2)^ + 3x2y = 2x. 

dx^ dx^ ^ dx 

6. ^-a2^ = 0. 
dx* rfx-^ 






* This is also called the Gaussian equation, and the series, the Gaussian 
series, after Karl Friedrich Gauss (1777-1855), who is regarded as one of 
the greatest mathematicians of the nineteenth century. He is especially 
noted for his invention of a new method for calculating orbits, and for 
his researches in the Theory of Numbers. It was Euler (see footnote, 
p. 64) who discovered the series and set forth its differential equation ; 
but Gauss made important investigations concerning the series, and 
showed that the ordinary algebraic, trigonometrical, and exponential 
series can be represented by it. (For illustrations of the last remark, 
see Johnson, Differential Equations, Ex. 1, p. 220.) 
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7. («'-)g + (8x-a)a.I4x| + 4, = J. 






14. ^ = B\n^x. 15. ^?^ + ^=e'. 

dx* dx^ dz 

'^ 16. ,-^ 4- COS X -^ — 2 sm x-f- — y cos z = sm 2 x. 
dx^ dx^ dx 

17 8in2x^-2t/ 18 a'^-'^^ 19 «3^-a 

20. Find three independent first integrals of -t-| =f(x)* 



iVo^6 /or ^r^ 75. A first integral of a differential equation is an 
equation deduced from it of an order lower by unity than that of the 
original equation and containing an arbitrary constant. 

First integrals of -r-^ + y = are 

(/T) +y^ = -^» -pC0sx + j/sinx = B, — -^sinx + yoosx = C, 

dv , ^ 

^=yCOt(x + a). 

These are not all independent, for the four constants A^ B, C, a, are 
connected by the equations 

B = A cos a, C= A sin a. 

dv 
The elimination of -^ from the second and third of these integrals 

gives the solution t> • , ^ 

giv^D uxxc ov/*i*i,tv/Ai y = J5 sm X H- C cos X ; 

and the elimination from the first and fourth gives another form of the 
solution, namely, y = ^ sin (x + a). 

In general, if independent first integrals equal in number to the order 
of the equation have been obtained, all the differential coefficients can be 
eliminated from them so as to leave the primitive. 
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CHAPTER IX. 

EQUATIONS OF THE SECOND ORDER. 

84. There are other methods of solution, different from those 
shown in the last three chapters, which are applicable to some 
equations of the second order ; Arts. 85-89 will be taken up 
with an exposition of three of these methods. 

If a differential equation is not in a form to which any of 
the methods already described apply, it may be possible to put 
it in such a form. The very important transformations of an 
equation that can be effected by changing the dependent or the 
independent variable will be discussed in Arts. 90-92. Art. 93 
will contain a synopsis of all the methods considered up to 
that point which may be employed in solving equations of the 
second order. 

85. The complete solution in terms of a known integral. A 

- theorem of great importance relating to the linear differential 
equation of the second order, is the following : 

If an integral included in the complementary function of 
such an equation be known, the complete solution can be 
expressed in terms of the known integral. 

Suppose that i/ = ?/i is a known integral in the complementary 
function of 

g+p|+to = X, (1) 

then the complete solution of (1) can be determined in terms 

, of Vi- 

Let y = yiv 
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be another solution of (1) ; v will now be determined. On 
substituting yiV for y in (1), it will become 

^4./^P-|_i^^^ = ^. (2) 

da^ \ yi dx Jdx y^' 

since, by hypothesis, 
On putting p for — , (2) becomes 



dx 



(--it>=i 



and this equation, being linear and of the first order, can be 
solved for p. On using the method of Art. 20, the solution 
is found to be 

dx y^ yi" J 

whence, integrating, 

—T^^-^ I — I 
2/1 •^ Vi 



v = c, + c,p-^ dx ^J?:l^Jy,eS^X{dxy, 



Therefore another solution of (1) is 



y = y,v = c^^ + c^i f^ dx + yi f^-^ C y.ei'^Xidxy. (4) 



This includes the given solution y = yi] and, since it con- 
tains two arbitrary constants, it is the complete solution. 
From the form of the solution (4), it is evident that the 

— r"^^» 

and that the particular integral is y^ i - — — I yie!''^X(dxy, 
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86. Relation between the integrals. It is easily shown, that 
if yz=zy^^y=z y^ be two independent integrals of 

(See Forsyth's Diff, Eq., Art. 66 ; Johnson's Diff, Eq., Art. 147.) 

It may also be remarked in passing, that the deduction of 
(3) Art. 85 from (1), when an integral of the latter is known, 
is an example of the theorem : that, if one or several indepen- 
dent integrals of a linear equation be known, the order of the 
equation can be lowered by a number equal to the number 
of the known integrals. 

(See Forsyth's Diff. Eq., Arts. 41, 76, 77.) 

87. To find the solution by inspection. Since the complete 
integral of (1) Art. 85 can be found if one integral in its 
complementary function be known, it is generally worth while 
to try whether an integral in the latter can be determined by 
inspection. 

Ex. 1. Solve x^ + (1 - x) ^ - y = e'. 

dx^ ^ ^ dx 

Here, the sum of the coefficients being zero, e' is obviously a solution of 

dTi^ ^ ^ dx 

Substitution of ve' for ^ in the original equation gives 

dv 
this, on substituting!) for — , becomes 

a=| + (l+x)p = l, 
a linear equation of the first order. Its solution is 

dx XX 
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hence r = log a; + ci ix-^e'dx + cj ; 

and therefore the complete solution is 

y = «» log a; + cie' ix-^e 'dx-\- c^e'. 

Equation (4) Art. 85 might have been used as a substitution formula, 
but it is better to work out each example by the same general method 
by which (4) was itself derived. 

Ex. 2. Solve ^ - a;2^ + xy = x. 
dx2 dx ^ 

[Here, y = x is obviously a solution when the second member is zero. 
A solution can often be found by an inspection of the terms of lower 
order in the equation.] 

Ex.8. Solve (3-a;)^- (9 - 4x)^+ (6 - 3x)y =0. 

cPv civ 1 

Ex. 4. Solve x^j^ + x^ — y = 0, given that x + - is one integral. 

uX UX X 

88. The solution found by means of operational factors. Sup- 
pose that the linear equation of the second order 

is expressed in the form f{D)y = X. 

Sometimes f{D) can be resolved into a product of two fac- 
tors Fx{D) and F^^D)^ such that, when Fx{D) operates upon y, 
and then F2(D) operates upon the result of this operation, the 
same result is obtained as when F(D) operates upon y. This 
may be expressed symbolically, 

f(D)y==F,(D)\F,(D)yU 
or simply, f(D)y = F,(D)F,(D)y, 

it being understood that the operations indicated in the second 
member of the last equation are made in order from right to 
left. Factors of this kind have already been employed in deal- 
ing with linear equations with constant coefficients, and with 
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the homogeneous linear equations, Arts. 53, 55, 67, etc. With 
the exception of the classes of equations just mentioned, the 
factors are generally not commutative ; this can be verified in 
the case of the examples below. 

If one of the integrals be known, its corresponding factor is 
known, and the second factor can be determined by means of 
the equation and the known factor. For instance, if y = e' he 
an integral of the given, equation, then (D — 1)^ is the corre- 
sponding factor; if y = x be an integral, {xD — l)y is the 
corresponding factor. The following example will make the 
method of procedure clear. 

Ex.1. Solvex^ + (l-x)^-2/ = 6-. 

This equation, which is Ex. 1, Art. 87, when written in the symbolic 

form, is 

[xD^ + {\-x)D-\]y = e'\ (1) 

on using symbolic factors, it becomes 

(a;Z>+l)(/>-l)y = e'. (2) 

[These factors are not commutative, for (Z> — \){xD + \)y on expan- 
sion gives {xD^ +(2 - x)Z> — l}y]. 

Let (Z> - \)y = V, (3) 

and (2) becomes {xD -\- \)v = ^ \ whence, v = cac"^ + «'x~*. 

Substitution of this value of v in (3) gives 

(Z> - \)y = CX-* -f e'x-^ ; 

whence, on integrating, y = ae' + ce' ( c~'x hlx + e' logx, 
the solution found in the last article. 

Ex. 2. Solve Ex. 3, Art. 87, by this method. 

Ex.8. Solve 3a;2^+(2-6x2)^-4y = 0. i^^^ ^"^ lu^-•^^M ~~ ^' 

Ex. 4. Solve 3x2^-H(24-6x-6a;2)^-4y = 0. (a-xNC3^*:i3 ^'^\^ ^o 
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89. Solution found by means of two first integrals. It fol- 
lows, from a statement made in Art. 75, that a linear equation 

of the second order has two first integrals of the first order. 

d/u • 
If these integrals be known, then -^ can be eliminated be- 
tween them ; the relation thus found between x and y will be 
a solution of the original equation. 

Another method of solution that can be used in the case of 
the linear equation of the second order is the "method of 
variation of parameters."* As most of the equations solvable 
by it are solvable in other ways, and as it is rather long, it 
will not be given here. (See Johnson's Diff. Eq,, Arts. 90, 91 ; 
Forsyth's Diff. Eq., Arts. 65-67.) 

Ex. Solve a^l _| j =i_^|Jlj by means of the first integrals. 

On putting ^ = », ■tK = -^ y and integrating, there appears a first 
. , , ^ dx ^ dx^ dx 

mtegral 

On substituting for j^ its equivalent expression p-^^, and integrating, 
another first integral is obtained, 

a2p2 = (y + C2)2 - a^. 

The elimination of p between these first integrals gives the solution 

« + C2 = a cosh 

90. Transformation of the equation by changing: the dependent 
variable. Sometimes an equation can be transformed into an 
integrable type by changing the dependent variable. If any 
linear equation of the second order, 

* This method is due to Lagrange. 
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be taken, and yiV be substituted for y therein, 2/1 being some 
function of x, (1) will be transformed into 

which has v for its dependent variable. 
This equation may be written 

cwr ax y\ 

where p, = p + l^i, (4) 

yidx 

Any value desired can be assigned to Pi or Qi by means of a 
proper choice of y^ Thus, Qi will be zero if 2^1 be chosen so 
unar jo -i 

this is what was done in Art. 85. 

Again, P„ the coefficient of the first derivative in (3), can 
have any arbitrary value assigned to it ; but then yi must be 
chosen so as to satisfy (4) ; that is, 

y^ = f^ijt^i-^)*. (6) 

91. Removal of the first derivative. In particular, it follows 
from (4) or (6) Art. 90 that P, is zero 

if 2/1 = e-^l''^. 

On substituting this value of y^ in the coefficient of v in (2) 
Art. 90, this coefficient becomes 
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Therefore the differential equation (1) Art. 90 of the second 
order is transformed into a differential equation not containing 
the first derivative, by substituting 

and the transformed equation is 

g+Q,i; = X„ (1) 

where Q,= Q-i^-iP2 ^^d Xi=Xe^i'^, 

The new equation (1) may happen to be easily integrable. 
Transforming (1) Art. 90 into the form (1) is called " removing 
the first derivative." The student should memorise the above 
values of the new Q, and Xj, in terms of P, Q, X, for then he 
can immediately write down the new equation in v, without 
the labour of making the substitution in the original equation 
and reducing. 

It may be remarked in passing tliat this removal of tlie 
term next to the second derivative is merely an example of the 
general theorem, that the coefficient of the term of (ri — l)th 
order in a linear equation 

can be removed by substituting yiV for y, where 

The reader can easily verify this by making the substitution. 
(See Forsyth's Diff. Eq., Art. 42.) 



Ex.1. Solve ^ + i-^+f-l 1 -]y = 0. 



x^^^ Mx3 6x^ 



Here P = x"i Q = — — : and hence t/i = c-Jj'«« = e-«'^ 

4x3 6x5 •*' 
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If the second term be removed, 



«-«-if-i^=-J; 



and hence the transformed- equation is 



the solution of which is 









Hence the general solution of the given equation is 

Ex.2. Solve 4x2^+4x5^ + (x8 + 6x* + 4)y = 0. 

Ex.3. Solve ^-2tana;^+5y = 0. 
dx^ ax 

Ex. 4. Solve a;2^ - 2(x2 + x) ^ + (x^ + 2 x + 2)y = 0. 

92. Transformation of the equation by changing the independent 
variable. An equation can sometimes be transformed into an 
integrable form by changing the independent variable. 

Suppose that g+pg+Qy=X (1) 

is any linear equation of the second order, and that the inde- 
pendent variable is to be changed from x to z, there being 
some given relation, z =f(x), connecting x and z. 

dy _dy dz , dj^y __ d?y /^V , ^ ^ 
^"'^® dbc^d^di' ^"""^ d^-d^\d^J '^dz da^ 

(1) becomes ^'| -{.P,^-{.Q^ = X„ (2) 

d^z pdz 

„ dX^ dX ri — Q anrl V — /Q\ 

where Pi = —jrf^y—^ Vi - t;^ ana a, - ^p^. {ii) 



„ ,  — 1 



^dxj V^-V V«^> 
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Pi, Qi, Xi, as just expressed, are functions of a;; but can be 
immediately expressed as functions of z by means of the relar 
tion connecting z and x. 

Any arbitrary value can be given to Pi; but then z must 
be so chosen that it satisfies the first of equations (3). In 
particular, Pi will be zero if 






_|. P^ = 0, that is, if z= Ce-i^'^dx. 
dx J 



Again, the new coefficient Qi will be a constant, a% by virtue 
of the second of equations (3), if 

— ] = Q, that is, if az = | VQ dx. 

Ex.1. Solve ^-^^':^ + ^y = 0. 
dx'^ X dx X* 

Find z, such that i'^^Y=^', solving, z=±^ 

\dx) X* 



X 

Change of the independent variable from xio z will now give 



dz^ 
and this has for its solution 



+ y=0; 



y = A cos 2 -f B sin z. 

Hence the solution of the given equation is 

a , .a 
y = C1C0S-+ C2Sin-« 

X X 

Ex. 2. Solve ^ + cot X ^ + 4 2/ cosec^ x = 0. 

Ex. 8. Solve X f'{ - '/^ + 4 xS?/ = x^. 

dx- dx 



— |-f 3x6-/ + a^y = —^ 
dx^ dx x^ 



Ex. 4. Solve x6 ':^ + 3 x6^ + rt2y _ ^^ 



93. Synopsis of methods of solving equations of the second order. 

This article is merely a synopsis of all the methods discussed 
thus far in the book that are employed in the solution of equa- 



i 
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tions of the second order. Several of these methods may be 
suitable for solving the same equation. The references are to 
the chapters and articles where the methods are described. 
The student is advised to select a few equations of the second 
order from the articles referred to, and to solve each one in 
two or more different ways. 

An equation of the second order may be 

(a) linear with constant coeflBcients, [Chap. VI.] 

(6) a homogeneous linear equation, [Chap. VII.] 

(c) an exact "differential equation, [Arts. 73-75, 76] 

(d) an equation that does not directly contain the dependent 

variable, [Arts. 76, 78] ; 

(e) an equation that does not directly contain the independent 

variable, [Arts. 77, 79] ; 

(/) in the form § =/(.y), [Art. 77] ; 

(g) an equation, one of whose integrals is known or is easily 
found by inspection, [Arts. S5f 87] ; 

(h) factorable into symbolic operators, [Art. 88] ; 

(i) an equation of which two first integrals can be easily 
found, [Art. 89] ; 

(y) an equation that can be integrated in series. [Art. 82]. 

If the equation is not in an integrable form, it may be put in 
such a form by 

(a) so changing the dependent variable, that (1) the coefiicient 

of the first derivative will have an assigned value 

[Art. 90] ; 
or that (2) (in particular), this coefficient will be zero 

[Art. 91] ; 

(b) so changing the independent variable, that (1) the equation 

will be transformed into the linear form with constant 
coefficients, or into the homogeneous linear form 

[Art. 71] ; 
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or that (2) the coefficient of the first derivative will have 
an assigned value, and, in particular, the value zero 

[Art. 92] ; 
or that (3) the coefficient of the variable will have an as- 
signed value, and, in particular, be a constant 

[Art. 92]. 

EXAMPLES ON CHAPTER IX. 

6. (a;-3)^-(4a;-9)^ + 3(a;-2)y = 0, e'beingasolution. 

6. ^,-2bx^-^bh^^y = 0. 
dx^ (Ix 

cPv (lu 

8. X -\ — (2x — 1) -y- -\- {x - l)y = 0, given that y = e* is a solution. 

10. (x sinx+cosx) ■'^'{ -x cosic-- +y cos a;=0, of which y=x is a solution. 

dx^ dx 

12. (1 - a;^);^ - «y^ - «^y = 0, of which y = C6« •*""'' is an integral. 
14. x-^g-2x(l + x)J + 2(l+x)y = x'. 
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CHAPTER X. 

GEOMETRICAL AND PHYSICAL APPLICATIONS. 

94. Chapter V. was devoted to geometrical and physical 
applications ; but the choice of problems for that chapter was 
restricted by the condition that a differential equation of an 
order higher than the first should not be needed in determin- 
ing their solution. The practical problems now to be give?* 
are of the same general character as those already set ; but ii 
order to obtain their solution, equations of orders higher than 
the first may be required. 

95. Geometrical Problems. The following can be added to 
the geometrical principles and formulae given in Art. 42. 

The radius of curvature in rectangular co-ordinates is 



{^Hm 



f 



If the normal be always drawn towards the avaxis, both it 
and the radius of curvature at any point on the curve are 

drawn in the same direction when y and — ^ at the point are 

opposite in sign, and they are drawn in opposite directions 
when y and — ^ agree in sign. This will be apparent on draw- 

ing four curves, one concave upward and one concave down- 
ward, above the a;-axis, and two similar ones below this axis. 
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Ex. Find the equation of the curve for any point of which the second 
derivative of the ordinate is inversely proportional'to the semi-cubical 
power of the product of the sum and difference of the abscissa and a con- 
stant length a ; determine the curve so that it will cut the ^-axis at right 
angles, and the x-axis at a distance a from the origin. 

The first condition is expressed by either of the equations 

dhf^ k^ and ^= '^' 

dx^ (x2-a2)l' ^^ (a2-a;2)| 

Integrating the first equation, 

dy k^ X 



dx a^ Vx2 - a2 



+ ci; 



J., 
but, by the second condition, 3^ = when a: = 0, and hence ci = ; this 

gives 

dy _ __ ^ X 

dx "" a2 y/rg^i _ (jfi 

Integrating, y = — - vac* — a^ + c; 

. It 

but, by the third condition, y = when x = a, and hence c = ; therefore 
the equation of the curve reduces to 

k^x^ - a*y2 _ a2jfc4^ 

the equation of an hyperbola with transverse axis equal to 2 a, and conju- 

2 A;2 
gate axis equal to 

Had the second equation been taken, the equation of an ellipse, 
k*x^ + a*y2 — (i2j(4^ would have been obtained. 

96. Mechanical and physical problems. The following can be 
added to the mechanical principles and formulae given in Art. 
48 ; 8, V, Xj y, r, B, t, have the sam>e signification as before. 

—J = the acceleration of the moving particle, at any point in its 
path. 

—-^ = the component of the acceleration parallel to the ovaxis. S 

(XT' 
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-=^ = the component of the acceleration parallel to the y-axis. 






= the angular acceleration about a fixed point. 



The force acting upon a particle is equal to the product of 
the mass of the particle by the acceleration of the motion 
of the particle due to the force.* 

An attracting force causes negative acceleration, and a re- 
pelling force causes positive acceleration, if the centre of force 
be taken as origin. 

Ex. 1. Find the distance passed over by a moving point when its 
acceleration is directly proportional to its distance from a fixed point, 
the acceleration being directed towards the point from which distance 
is measured. ' 

Here ^ = _ k^s. 

Using the method of Art. 78, 

dt dt^ dt 

whence ( ~ ) ^ = ^^^^^ ~ ^)* 

where k^d^ conveniently represents the constant of integration. 



Hence 


^ - kdt ; 




Va2-s2 


integrating, 


sin-'- = *« + &; 


hence 


a = asin {kt-\- h). 



Also, 8 can be found directly, without finding -, by the method in 
Chap. VI. The equation may be written ^ 

(Z)2 -}- k^)8 = ; 



* A particular choice of units is presupposed in this statement. 
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hence s = ci sin kt -f c^ sin kt ; 

that is, 8 = a sin (Jet + ft), 

as above. 

Ex. 2. In the case of the simple pendulum of length /, the equation 
connecting tlie acceleration due to gravity and the angle through which 
the pendulum swings is 

when 6 is small. Detennine the time of an oscillation. 
Since ^ + ^^ = 0, 

$ = ci cos -v/^ « + C2 sin a/?^ 
ii It 

dd 
Let = 00 and — = when t = 0; applying these conditions, ci = 0o^ 

C2 = 0, and hence 

^ = ^0 cos \^-t ; that is, t=\- cos-' — , 
^Z ^g 00 

which is the time of swing from ^o to 0. If ^ = — ^ot t = ir\^; hence 

" IT 

the time of a complete oscillation from ^o to — ^o and back again is 2 ir a/-- 

EXAMPLES ON CHAPTER X. 

1. Determine the curve in which the curvature is constant and equal 
to k. 

2. Determine the curve whose radius of curvature is equal to the 
normal and in the opposite direction. 

8. Determine the curve whose radius of curvature is equal to the 
normal and in the same direction. 

4. Determine the curve whose radius of curvature is equal to twice the 
normal and in the opposite direction. 

6. Find the curve whose radius of curvature is double the normal 
and in the same direction. 

6. Determine the curve whose radius of cui^vature varies as the cube 
of the normal. 



§96.] EXAMPLES. 125 

7. Find the curve whose radius of curvature varies inversely as the 
abscissa. 

8. Find the distance passed over by a moving particle when its 
acceleration is directly proportional to its distance from a fixed point, 
the accelei-ation being directed away from the point from which distance 
is measured. 

9. Find the distance passed over by a particle whose acceleration is 
constant and equal to a, Vo being the initial velocity, and sq the initial 
distance of the particle from the point wiience distance is measured. 

10. Find the distance passed over by a particle when the acceleration 
is inversely proportional to the square of the distance from a fixed point. 

11. Find the distance passed over by a body falling from rest, assum- 
ing that the resistance of the air Ls proportional to the square of the 
velocity. 

12. The acceleration of a moving particle being proportional to the 
cube of the velocity and negative, find the distance passed over in time t^ 
the initial velocity being vo» and the distance being measured from the 
position of the particle at the time t = 0. 

18. The relation between the small horizontal deflection ^ of a bar 
magnet under the action of the earth^s magnetic field is 

where A is the moment of inertia of the magnet about the axis, M the 
magnetic moment of the magnet, and H the horizontal component of the 
intensity of the field due to the earth. Find the time of a complete 
vibration. 

14. In the case of a stretched elastic string, which has one end fixed 
and a particle of mass m attached to the other end, the equation of 
motion is 

dt^ e 

where I is the natural length of the string, and e its elongation due to 
a weight mg.  Find s and t?, determining the constants so that 8 = so^t 
the time t = 0, 

15. A particle moves in a sti-aight line under the action of an attrac- 
tion varying inversely as the (f )th power of the distance. Show that the 
velocity acquired by falling from an infinite distance to a distance a from 
the centre is equal to the velocity which would be acquired in moving 

from rest at a distance a to a distance -• 
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16. A particle moves in a straight line from rest at a distance a 
towards a centre of attraction, the attraction varying inversely as the 
cube of the distance. Find the whole time of motion. 

17. The differential equation for a circuit containing resistance, self- 
induction, and capacity, in terms of the current and the time, is 

dt^ Ldt LC L^ ^^' 
/(J) being the electromotive force. Find the current i. 

18. The differential equation for the above circuit in terms of the 
charge of electricity in the condenser is 

d:^ Udfj q _ 1 ... 

dt'' Ldt LC L-^^^' 
Find the charge q. 

19. Solve — + — — +— = when i22C=4X. 

dt^ Ldt LC 



, . l ldt 

^ + J— = 0, 



20. Solve L — h ^ = 0, the differential equation which means that 

dt C 

the self-induction and capacity in a circuit neutralize each other. Deter- 
mine the constants in such a way that / is the maximum current, and 
1=0 when « = 0. 

(The given equation, on differentiation, reduces to ^H — ^= 0.) 

21. When the galvanometer is damped, the equation of motion may 
be written 

df^ dt ^ 

a being the deflection of the needle from the position from which angles 

are measured, when in its position of equilibrium, the factor k depending 

on the damping, and w^ on the restoring couple. Find the position of the 

needle at any instant. 

(Emtage, Electricity and Magnetism^ pp. 179, 180.) 

* 22. Find the equation of the elastic curve for a cantilever beam of 
uniform cross-section and length Z, with a load P at the free end, the 
differential equation being 

where I is the moment of inertia of the cross-section with respect to the 
* Merriman, Mechanics of Materials^ pp. 72, 73. 
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neutral axis, and E is the coefficient of elasticity of the material of the 
beam. (The origin being taken at the free end of the beam, the x-axls 
being along its horizontal projection, and the ^-axis being the vertical, 

^ = when x = l, and « = when x = 0. These conditions are suffi- 
ax 

cient to determine the constants.) 

* 23. Find the elastic curve when the load is uniformly distributed 
over the beam described in Ex. 22, say w per linear unit, the differential 
equation being 

t 24. Find the elastic curve for the beam considered in Ex. 23, when a 
horizontal tensile force Q is applied at the free end, the differential equa- 
tion being 

* Merriman, Mechanics of Materials^ pp. 72, 73. 

t Merriman and Woodward, Higher Mathematics, Prob. 106, p. 163. 
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CHAPTER XI. 

ORDINARY DIFFERENTIAL EQUATIONS WITH 
MORE THAN TWO VARIABLES. 

97. So far equations containing two variables have been con- 
sidered. It is now necessary to treat a few forms containing 
more than two variables. Such equations are either ordinary 
OT partial, the former having only one independent variable, 
and the latter more than one. In this chapter ordinary differ- 
ential equations will be discussed. 

98. Simttltaneous differential equations which are linear. First 
will be considered the case in which there is a set of relations 
consisting of as many simultaneous equations as there are 
dependent variables; moreover, all the equations are to be 
linear. 

By following a method somewhat analogous to that employed 
in solving sets of simultaneous algebraic equations that involve 
several unknowns, the dependent variables corresponding to the 
unknowns, there is obtained, by a process of elimination, an 
equation that involves only one dependent variable with the 
independent variable ; and from this newly formed equation an 
integral relation between these two variables may be derived. 
Then a relation between a second dependent variable and the 
independent variable can be deduced, either (1) by the method 
of elimination and integration employed in the case of the first 
variable; or (2) by substituting the value already found for 
the first variable, in one of the equations involving only the 
first and second dependent variables and the independent 
variable. The complete solution consists of as many indepen- 
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dent relations between the variables as there are dependent 
variables. 

The following example will make the process clear : 

Ex. 1. Solve the simultaneous equations, 

(1) f+'|+2x + y = 0. 
dt dt 

(2) ^ + 5x + 3y = 0. 
Differentiation of (2) gives 

^ ^ dt-^ dt dt 

These three equations suffice for the elimination of x and — : this 

dt 

elimination is effected by multiplying the first equation by — 6, the second 
by 2, the third by 1, and adding ; the result is 

Solving (4), 

y = A cos t -\- Bmnt'i 

and substituting this value of y in (2), 

X =  — cos t -\ sm t. 

6 5 

By using the symbol 2), which was employed in Chap. VI., the elimina- 
tion can be effected more easily. On substituting D for — , the given 

equations become ^ 

(i> + 2)x + (Z> + l)y = 0, 

5x+(i> + 3)y = 0. 
Eliminating x as if Z) were an algebraic multiplier, 

(Z>2 + 1)2/ = 0, 

which is equation (4) ; the remainder of the work is as above. 

If y had been eliminated instead of «, the resulting equation would 

have been 

(2)2 4- l)5c = ; 

whence x = ^' cos f + B^ sin t ; 



130 



DIFFERENTIAL EQUATIONS. 



[Ch. XL 



substitution of this value in 



dx 



(5) ^-3x-2y = 0, 
at 

which is (1) minus (2), gives 

Substitution is made in (6), because it is easier to derive the value of y 
from it than from (1) or (2). 

The second form of solution comes from the first on substituting A' 

for - iAdL?, and B' for ^~^^ , the coefficients in the first value of 
5 6 

X, In general the constants are arbitrary in the value of only one of the 
dependent variables. 

Ex.2. Solve ^-7x+ y = 

dt 



dt 
dx 



2x-6y = 



Ex.8. Solve ^-{■2x-Sy = t 

dt 

^-Sx + 2y = e^ 
dt 



Ex.4. Solve4— + 9^+44a; + 49y = « 

dt dt 

dt dt ^ 



Ex.5. Solve ^-SX'-4y = 
dt^ 

^+ x+ y = 
dt^ ^ 



99. Simultaneous equations of the first order. Simultaneous 
equations of the first order and of the first degree in the 
derivatives can sometimes be solved by the following method^ 
which is generally shorter than that shown in the last article. 
Equations involving only three variables will be considered ; 
the method, however, is general, and can be applied to equa- 
tions having any number of variables. 
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The general type of a set of simultaneous equations of the 
first order between three variables is 

Pidx H- Qidy + R^dz = \ 

where the coefficients are functions of x, y, z. 
These equations can be expressed in the form 



dx _dy __dz 
P~~Q''R' 



(2) 



where P, Q, R, are functions of Xy y, z-, for, on taking z as the 

independent variable and solving equations (1) for — and —, 

dz dz 

(Ix ^ Q, R, - Q2R1 dy ^ R, P, - P,R, 
dz PMi-P^Qi' dz P1Q2-P2Q1' 

, dx dy dz 
whence • = = , 

Ql^2 — ^2^1 ^lA — -K2P1 P1Q2 — P2Q1 

which is the form (2) above. 

In what follows, equations (2) will be taken as the type of 
a set of simultaneous equations of the first order. 

If one of the variables be absent from two members of (2), 
the method of procedure is obvious. For example, suppose 
that z is absent from P and Q ; then the solution of 

dx__dy 

gives a relation between x and y, which is one equation of the 
complete solution. This equation may enable us to eliminate 
x or y from one of the other equations in (2), and then another 
integral relation may be found ; this will be the second equa- 
tion of the solution. 

Since, by a well-known principle of algebra, the equal frac- 
tions — , J^f — , are also equal to 
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Idx -{- m dfjjj-ndz Vdx -\- m'dy -f n'dz . , 

the system of equations 

dx __dy _dz _ ldx -\- m dy -{- ndz _ Vdx -f m^dy + n 'dz ,o\ 
¥^'Q'~R^ IP + mQ + nR '^ VP-hm'Q + n'R' ^^ 

are all satisfied by the same relations between «, y, z, that 
satisfy (2). 

It may be possible by a proper choice of multipliers, I, m, ?i, 
V, in', n\ etc., to obtain equations which are easily solved, and 
whose solutions are the solutions of (2). In particular, Z, m, n, 
may be found such that 

/PH-mQ+w/? = 0, (4) 

and consequently 

/ dx -f- m dy -\-ndz = 0. (5) 

If Idx-^- mdy -{• ndz be an exact differentiaj, say du, then 

u = a 

is one equation of the complete solution. 

If Z', m\ n\ can be chosen so that /'P+ m'Q -\- n'R = 0, and 
I'dx -f- m'dy -\- n'dz is at the same time an exact differential, dv, 
then, since dv is also equal to zero, 

v = b 

is the second equation of the complete solution. The two com- 
ponent solutions must be independent. 

Ex. 1. Solve the simultaneous equations = — ^ = -^. 

x^-y^-z^ 2xy 2xz 

The equation formed by the last two fractions reduces to 

dy _ dz 

y z' 
which has for its solution 

y = az. 

Using Xy y, Zj as multipliers like {, m, n, above, 

dx ^ dy _ dz _ xdx-\- ydy 4- zdz 



x^-y^-z^ 2xy 2xz x{x'^ + y^ + z^) 
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The equation formed by the last two fractions has for its solution 

a;2 + y2 _|_ 2;2 _ 5^;. 

The complete solution consists of these two independent solutions. 



Ex. 2. Solve 



dx _ dy _ dz 



mz — ny nx — Iz ly — mx 

By using the multipliers I, m, w, one gets the equal fraction 

ldx + mdy -\- ndz 


therefore Idx -\- m dy ■]- ndz = ; 

whence Ix + my + nz = ci. 

The multipliers x, 2/1 ^» used in a similar manner, give 

xdx -{- ydy -\- zdz = 0, 
whence x"^ -{-y^ + z^ — k^. 

These two integrals form the complete integral of the set of equations. 

Ex.8. Solve ^ = ^ = ^. 

y'^z xz y^ 



Ex. 4. Solve ^ = ^ 



dz 



x' y* nxy 



Ex. 6. Solve ^ = ^ = 



dz 



y^ x'^ x^^z^ 

 Ex.6. Solve "^ = ^'^y = ''^^ . 

{b — c)yz (c — a)zx (a — h)xy 

100. The general expression for the integrals of simultaneous 
equations of the first order. If the first member, 

I dx -\- m dy -{- n dz, 

of (5) Art. 99 be au exact- differential, du, then, since 

du = — dx -\ dy -\- — dz, 

dx dy dz 

I, m, n, are proportional to — , -^, -^, respectively ; and there- 
fore, (4) Art. 99 may be written 
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p^+Q^J^ + R^ = 0. (1) 

OX ay oz 

Hence, if w = a be one of the integral equations of the sys- 
tem (2) Art. 99, then u = a also satisfies (1). 

Conversely, if w = a be an integral of (1), it is also an inte- 
gral of the system (2) Art. "99. For, since the denominator of 

du J , du , , da , 
— ax-] ay -\ dz 

dx dy dz 

dx dy dz 

dcf dtj dz 
which is formed by means of — = -^ = — and the multipliers 

— , — , — , is thus 0, the numerator also must equal zero. 
dx dy dz 

But the numerator is the total differential of w, and hence 
u = a is an integral of the system (2). 

Therefore, in order that u==a may be an integral of (1), it 
is necessary and sufficient that t^ = a be an integral of the 
system (2) Art. 99, and conversely. 

Moreover, any function whatever of the ii and the v of Art. 
99 is also a solution of (1) ; for example, 

<^ (w, v) = <l> (a, b) = c, or <^ (w, v) = 0, 

which is equally general, since c can be involved in the arbi- 
trary function. This can be verified directly. Hence, if 

u = a, V = b, 
be independent integrals of the system (2) Art. 99, 

is the general expression for the integrals of these equations. 
The arbitrary functional relation may just as well be written 
in the form u =f(v). This deduction will be used in Art. 115. 

101. Geometrical meaning of simultaneous differential equations 
of the first order and the first degree involving three variables. 
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Equations (1) or (2) Art. 99 will determine, for each point 

(Xy y, z), definite values of — and -^ ; that is, these differential 

equations determine a particular direction at each point in 
space. Therefore, if a point moves, so that at any moment the 
co-ordinates of its position and the^direction cosines of its line 
of motion (these cosines being proportional to dx, dy, dz, and 
hence to P, Q, R, by (2) Art. 99) satisfy the differential equa- 
tions, then this point must pass through each position in a 
particular direction. Suppose that a moving point P starts at 
any point and moves in the direction determined for this point 
by the differential equations to a second point at an infinitesi- 
mal distance ; thence, under the same conditions to a third point ; 
thence to a fourth point, and so on; then P will describe a 
curve in space, whose direction at any one of its points and the 
co-ordinates of this point will satisfy the given differential 
equations. If P start from another point, not on the last 
curve, it will describe another curve ; through every point of 
space there will thus pass a definite curve, whose equation 
satisfies the given differential equations. These curves are 
the intersections of the two surfaces which are represented by 
the two equations forming the solutions ; for, these two equa- 
tions together determine the points and the ratios of dx, dy, dz, 
thereat which satisfy the differential equations. Moreover, 
the curves are doubly infinite in number; for they are the 
intersections of the surfaces represented by the independent 
integrals w = a, v = b, and each of these equations contains an 
arbitrary constant which can take an infinite number of values. 
Thus, the locus of the points that satisfy the differential 
equations of Ex. 1, Art. 99, is the curves, doubly infinite in 
number, which are the intersections of the system of planes 

whose equation is 

y = az, 

with the system of spheres whose equation is 

x^ -f- y"' -i-z^^bz', 
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and the locus of the points that satisfy the equations of Ex. 2, 

Art. 99, is the curves which are the intersections of all the 

planes represented by 

Ix -\- my -\'nz = Cf 

c having an infinite number of values, with all the spheres 

k having an infinite number of vdlues. 

102. Single differential equations that are integrable. Con- 
dition of integrability. The equation 

Pdx + Qdy + Rdz = (1 ) 

has an integral u = a, (2) 

when there is a function u whose total differential du is equal 
to the first member of (1), or to that member multiplied by a 
factor. If (1) have an integral (2), then, since 

du = — dx-{---dy-] dZy 

ox oy dz 

fill fitt nil 

P, Q, By must be proportional to — , — , — ; that is, 

dx dy dz 

These three conditions can be reduced to one involving the 
coefficients P, Q, R, and their derivatives. On differentiating 
the first of these three equations with respect to y and z, the 
second with respect to z and x, and the third with respect to 
X and y, there results. 



i 
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dy dy dxdy dx dx 

V T^ + /A -T^ = ^^— ^ = ^ ^ + ^ :h~ 

oz oz ayaz ay ay 

dx dx dzdx dz dz 



whence, on rearranging, comes 



\dy dx J dx dy 

\dz dy ) dy dz 

\dx dz) 



dz dx 



On multiplying the first of the last three equations by R, the 
second by P, the third by Q, and adding, there is obtained, 



\dz dy) 



+ Q 



(if-a+-' 



dy dx) 



(3) 



the relation that must exist between the coefficients of (1) 
when it has an integral (2). 

Conversely, when relation (3) is satisfied, equation (1) has 
an integral;* and hence (3) is the necessary and sufficient 
condition that (1) be integrable. It is called the condition or 
criterion of integrability of the single differential equation (1) ; 
and is easily remembered, for P, Q, i?, x, y, «, appear in it in a 
regular cyclical order. 

103. Method of finding the solution of the single integrable 
equation. Suppose that the condition for the integrability of 

Pdx -h Qdy + Rdz = (1) 



* For proof of this, see Note H. 
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is satisfied; a method has now to be devised for finding its 
solution. Pdx can only come from the terms of the integral 
that contain a?, Qdy from the terms that contain y, and Edz 
from the terms that contain z. Hence the integral of (1) is 
found in the following way : 

Consider any one of the variables, say z, as constant, that is, 
take dz = 0, and integrate the equation 

Pdx H- Qdy = 0. (2) 

Put the arbitrary constant of integration that must appear 
in the integral of (2) equal to an arbitrary function of z. This 
is allowable because the arbitrary constant in the integral of 
(2) is a constant only with respect to x and y. On differen- 
tiating the integral just found, with respect to x, y, and z, and 
comparing the result with (1), it will be possible to determine 
the constant appearing in the integral of (2) as a particular 
function of z. 

Equations which are homogeneoi in j», y, z, like those in 
Art. 9 in aj, y, are always integrable. The initial step in solv- 
ing these equations is the substituti i of zu for a?, and of zv 
for 2/.* 

Note. That an equation of the fori 

Pdx + Qdy + Rdz -f- Tdt -\- ... = 0, 

involving more than three variables, may have an integral, 
condition (3) Art. 102 must hold for the coefficients of all the 
terms taken by threes. All the conditions thus formed are, 
however, not independent, t 

Ex. 1. Solve {y + z)dx -\-{z -^ x)dy -\-(x-\- y)dz = 0. 
Here, the condition of integrability is satisfied. 



* See Johnson, Differential Equations, Art. 250. 

t See Johnson, Differential Equations, Arts. 252-264 ; Forsyth, Differ- 
ential Equations^ Arts. 163, 164. For a complete proof of these proposi- 
tions, see Forsyth, Theory of Differential Equations^ Part I., pp. 4-12. 



§ 103.] EXAMPLES. 139 



Suppose that z ia a, coDStaut, then dz = 0, and the equation becomes 

(y + z)dx -f (« H- x)dy = ; 
and this on integration yields 

(y-^z)(^z + x) = A = 4>(z). 
Differentiation with respect to x, y, z, gives 

(y + z)dx + (« + x)dy + (x -f y)dz + 2zdz- ^dz = 0. 

dz 

Comparison with the given equation shows that 

2zdZ'-d<l> = 0; 

whence </>(z)= z^ -\- c^. 

Therefore, (y + zXz -\- x) = z^ + c^ ; 

or, reducing, xy -{- yz -\- zx = c^ ia b. solution of the given equation. 

This example can be solved more easily by rearranging the terms in 
the following way : 

xdy -^ y dx -^ y dz -\- zdy -\- z dx + xdz = 0, 
where the integral is seen at a glance to be 

xy -{- yz -{- zx = c^. 

It is well to try to obtain the integral by rearranging the terms, before 
having recourse to the regular method. 

Ex.2. Solve ^^"^y^y"^^^^ + ^^^""^^^ +3ax2(to+2&ydy+cdg=0. 

Here there is no need to apply the condition of integrability, for the 
several parts are obviously exact differentials ; the integral is immediately 
seen to be 

y/x-i + y'i H- z" + tan-i - -\- ax^ ■}■ by^ -^ cz = k. 

z 

Ex. 8. Solve (y + z)dx + dy -\- dz = 0. 

Ex. 4. Solve zydx = zxdy -\- y^dz. 

Ex. 5. Solve (2x2 + 2xy + 2x«2 + l)dx + dy-{-2zdz = 0. 

Ex. 6. Solve (y2 -|- yz)dx + (rz + z'^)dy + (y^ - xy)dz = 0. 
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is no family of surfaces which is orthogonal to all the lines I 
that form the locus of equations (2). ' 

The principle deduced in this article will be employed in 
Art. 118 of the next chapter. 

106i The single differential equation which is non-integrable. 

When the condition of integrability is not satisfied for 

Pdx -f Qdy 4- Bdz = 0, (1) 

there is no single relation between x, y, z, as, for example, 
f(Xy y, z) = c, that will satisfy (1). 

If, however, there be assumed some integral relation, 

4>{x,y,z)^a, (2) j 

which on differentiation gives the differential relation 

|*(te + |*dy + ^(fo = 0, (3) 

OX ay dz 

two integral relations can be found which together satisfy (1) 
and (3), this being the case discussed in Art. 99. Of course, (2) 
is one of these relations. 

Suppose that F{Xj y, z) = b (4) 

is a relation which with (2) forms the complete solution of 
equations (1) and (3). In Art. 101 it was shown that the 
locus of the complete solution of (1) and (3) consists of the 
curves of intersection of (2) and (4) ; hence, geometrically, this 
solution of (1) amounts to finding the curves satisfying (1) that 
lie on the surfaces represented by (2). 

Ex. The equation 

(1) xax + ydy + cyll-^-^dz^O 

is one for which the condition of integrability is not satisfied. Suppose 
that the relation 



be assumed. 



(2) ?^ + ^ + ^ = l 
^ ^ a* 6« c« 
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In virtue of (2), (1) may be written in the form 

(3) xdx -^ y dy ■\- z dz = (i \ 

whence (4) x^ -\- y'^ -\- z^ =. c^. 

Thus (2) with (4) gives a solution of (1). Had a relation other than 
(2) been assumed, a co-relation other than (4) would have been obtained. 
The geometric interpretation is, that the lines upon the ellipsoid repre- 
sented by (2) which satisfy (1), have been determined; and have been 
found to be the intersections of the family of spheres whose equation is 
(4) with that ellipsoid. 

EXAMPLES ON CHAPTER XI. 

1. ^ + 2^-2a:-f 2y = 3e' 8. 2^-^-4y = 2a; 
dt dt dx^ dx 

3^ + ^ + 2a; + j/ = 4e2». 2^ + 4^-3^ = 0. 

dt dt dx dx 

2. 4^ + 9^ + 2a; + 31y = <5« 4. ^+4a: + 3y = e 

dt dt dt 

3^-|.7^y + a; + 24y = 3. ^+2x-f 5y = €'. 

dt dt dt 

6. tdx={t-2x)dt 

tdy=(tx + «y + 2a; - t)dt. 

6. x2(to2 + y^dy^ - z^dz'^ -{- 2 xy dx dy = 0, 

7. (a^ - y» - y^z)dx + (^xy^ - xH - ofi)dy + {xy^ + x'^y)dz = 0. 

8. (y"H- yz + «2)cZx + (x2 -\-xz-\- i^)dy-{-{pfi + scy + y^)dz = 0. 

9. {yz + xyz)dx + {zx + xyz)dy + (xy + xyz)dz = 0. 

10. z(y + z)dx + z(u — x)dy + y(x — u)dz + y{y + z)du = 0. 

11. (2x-\-^-\-2xz)dx + 2xydy-^x^dz = du. 

12. zdz + (x- a)dx = {h^ - «« -(x - ay}^dy. 

18. ^ + 4x + y = <e8' 14. ^4-w2y = 

^+y-2a; = cos2«. ^_wi»a; = 0. 

(«3 ' dfi 
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15. ??? = «y - .M > 16. ^ = ^J = ^'^, wliere 

ift X Y Z 

dt 

Y = a'x + b'y + c'2 + d' 

17. Show that the integrals of the system 

are (a + mia')(« + miy) + c + m^c' = ^i6< «+"•»•')', 

(a + m^^){x + »«aiy) + c + mjc' = ^jc(«+'"«« >, 
where mi, ms, are the roots of 

and obtain a similar solution for the system 

(Johnson, Di/. Eq,j Ex. 16, p. 269.) 

IS. Find the equation of the path described by a particle subject only 
to Uie action of gravity, after being projected with an initial velocity Vq in 
a direction inclined at an angle ^ to the horizon. 

19. Determine the path of a projectile in a resisting medium such as 
air when the retardation is c times the velocity, given that the initial 
velocity is Vq in a direction inclined at an angle <f> to the horizon. 

90. Find the path described by a particle acted upon by a central force, 
the force being directly proportional to the distance of the particle. 

91. The two fundamental equations of the simple analytical theory 
of the transformer are 

dt dt 

cU at 

where t'l, is, denote the currents, Si, Hi, the resistances, Zi, Lz, the 
coefficients of self-induction of the primary and secondary currents re- 
spectively, «i the impressed primaiy electromotive force, and M the 
mutual induction. 
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Show that, f, I'l, i2, and t being variable, the diifci-ential equations for 
the primary and secondary currents respectively are, 

(Z1L2 - itf-i)^;^| +(Lii?2 + URi)^+ B.Bih = /?2ei + iJ^. 
ilt' dt dt 

{LxL2 - 3/2) ^ + (Lii?2 + X2R1) ^ + i?li?2l2 = - Jlf ^. 

(if^ dt dt 

(Bedell, The Principles of the Transformer ^ Chap. VI.) 

22. The general equations for electromotive forces in the two circuits 
of a transformer with capacities Ci and C2 being 



i i\dt 
= ^- + 



e ^f(t) = J + Ric + Li^-\-M^, 

ci «^ dt 



\ iiidt 
0=-' 



+ i^2C2 + A2^+3f^^ 



C2 C?^ <2t 

where e, I'l, t2f ^ a,re variable, show that the differential equations for the 
primary and secondary currents are 

dt^ dt^ \C2 Ci /^?^^ 

\ C2 Ci / (^f C1C2 C2 



ar dr* \ C2 ci / dt'^ 

^(Rx^]^\dk^J_i^=-Mr"{t). 
\ C2 Ci / dt C1C2 

(Bedell, T^e Principles of the Transformer, Chap. XI.) 
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CHAPTER XII. 

PARTIAL DIFFERENTIAL EQUATIONS. 

107. Definitions. Partial differential equations are those 
which contain one or more partial derivatives, and must, there- 
fore, be concerned with at least two independent variables.* 

The derivation of partial differential equations will be dis- 
cussed in Arts. 108, 109 ; equations of the first order will be 
considered in Arts. 110-123; and those of the second and 
higher orders in the remaining part of the chapter. These 
equations, excepting the ones treated in Arts. 117, 134-136, 
will involve only three variables. In what follows, x and y 

will usually be taken as the independent variables, and z as 

Sz 3z 
dependent ; the partial differential coefficients •—-, -— , will be 

denoted by p and q respectively. ^ 

108. Derivation of a partial differential equation by the elimi- 
nation of constants. Partial differential equations can be 
derived in two ways ; (a) by the elimination of arbitrary con- 
stants from a relation between a;, y, z, and (b) by the elimination 
of arbitrary functions of these variables. To illustrate (a) take 

<^ (», y, z, a, 6) = (1) 

a relation between x, y, z, the latter variable being dependent 
upon X and y. In order to' eliminate the two constants a, 6, 

 Equations with partial derivatives were at first studied by D' Alembert 
(see p. 173), and Euler (see p. 64), in connection with problems of 
physics. 
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two more equations are required. These equations can be 
obtained from (1) by differentiation with respect to x and y ; 
they will be 

dx oz oy oz 

By means of these three equations, a and b can be eliminated, 
and there will appear a relation of the form 

F{x,y,z,p,q)=0, (2) 

a partial differential equation of the first order. 

In (1) the number of constants eliminated is just equal to 
the number of independent variables, and an equation of the 
first order arises. If the number of constants to be eliminated 
is greater than the number of independent variables, equations 
of the second and higher orders will, in general, be derived. 
The following examples will illustrate this. In these exam- 
ples, z is to be taken as the dependent variable. 

Ex. 1. Form a partial differential equation by the elimination of the 
constants h and k from 

(a; - ;i)2 + (2/ - A:)2 + 5;2 = c2. 

Differentiating with respect to x and y, 

X — ^ + 2p = 0, 

y — k ■\- zq = (i. 

Substituting the values otx — htV — k from the last two equations in the 
given equation, 

Ex. 2. Form the partial differential equation corresponding to 

z = ax -\- by ■\- ah. 
Ex. 3. Eliminate a and b from z = a{x + j/) + 6. 
Ex. 4. Eliminate a and h from zz=.ax -^ a^y^ + b. 
Ey. 5. Eliminate a and h from « = (« + a)(y 4- b). 
Ex. 6. Form a partial differential equation by eliminating a, 6, c from 
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109. Derivation of a partial differential equation by the elimina- 
tion of an arbitrary function. To illustrate (b) of Art. 108, sup- 
pose that u and v are functions of x, y, z, and that there is a 
relation between u and v of the form 

<l>(u,v) = 0, (1) 

where <^ is arbitrary. The relation may also be expressed in 
the form u =f(v), where / is arbitrary. It is now to be shown, 
that, on the elimination of the arbitrary function <^ from (1), 
a partial differential equation will be formed ; and, moreover, 
that this equation will be linear, that is, it will be of the first 
degree in p and q. 

Differentiation of (1) with respect to each of the independent 
variables x and y gives 

d<t>fdu . du\ d<f> fdv dv\ __ ^ 
d^L\dx dzj dv\dx dzj 

dti\dy dzj dv\dy dzj 

Elimination of --^, -2, from these two equations results in 

au av 

and this can be rearranged in the form 

Pp+Q.q = R, (2) 

where p^dudv_Sudv^ 

dy dz dz dy 

Q _ dii dv du dv 
dz dx dx dz' 

■n __du dv du dv 
dx dy dy dx 

Thus, from (1), which involves an arbitrary function <f>, a par- 
tial differential equation (2) has been obtained, which does not 
contain <f> and is linear in p and q. 
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When the given relation between a;, y, z contains two arbi- 
trary functions, the partial differential equation derived there- 
from will, except in particular cases, involve partial derivatives 
of an order higher than the second.* 

Ex. 1. Eliminate the arbitrary function from z = e^if<p(x — y). 

Differentiating with respect to a;, p = e*»y0'(x — y). 

Differentiating with respect to y, q = ne^v<l>(x — y)'-e^<t>\x — y)\ 
and, therefore, q — nz—py 

that is, p -\- q = nz. 

Ex. 2. Form a partial differential equation by eliminating the arbi- 
trary function from z = F(x^ + y^). 

Ex. 3. Eliminate the function (f> from Ix + my + nz = <f>(x^ + y^ + z^), 
Ex. 4. Eliminate the f unction / from z = y^-i- 2/[ - -{-logyy 

Ex. 6. Eliminate the arbitrary functions /and <f> from 

z =f(x + ay)-\-ip(x - ay). 

Partial Differential Equations of the Fir^t Order. 

110. The integrals of the non-linear equation: the complete 
and particular integrals. In Art. 108 it was shown how the 
partial differential equation 

F(x,y,z,p,q) = (1) 

may be derived from 

<^ (a;, y, z, a, b) = 0. (2) 

Suppose, now, that (2) has been derived from (1), by one of 
the methods hereafter shown ; then the solution (2), which has 
as many arbitrary constants as there are independent variables, 
is called the complete integral of (1). 

A particular integral of (1) is obtained by giving particular 
values to a and b in (2). 

* See Edwards, Differential Calculus, Arts. 509-614 ; Williamson, 
Differential Calculus^ Arts. 31&-319; Johnson, Differential Equations, 
Arte. 299-301. 
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111. The singular integral. The locus of all the points 
whose co-ordinates with the corresponding values of p and q 
satisfy (1) Art. 110, is the doubly infinite system of surfaces 
represented by (2). The system is doubly infinite, because 
there are two constants, a and 6, each of which can take an 
infinite number of values. Since the envelope of all the sur- 
faces represented by <f> {x, y, z, a, b) = is touched at each of 
its points by some one of these surfaces, the co-ordinates of 
any point on the envelope with the p and the q belonging to 
the envelope at that point must satisfy (1) ; and, therefore, 
the equation of the envelope is an integral of (1). The equar 
tion of the envelope of the surfaces represented by (2) is 
obtained in the following way : * 

Eliminate a and b between the three equations, 

<l> (x, y, z, a, b) = 0, 

da 

^ = 0; 
db ' 

and the relation thus found between a?, y, z is the equation of 
the envelope. This relation is called the singular integral ; it 
differs from a particular integral in that it is not contained in 
the complete integral ; that is, it is not obtained from the com- 
plete integral by giving particular values to the constants. 
(Compare Arts. 32, 33.) 

112. The general integral. Suppose that in (2) Art. 110, one 
of the constants is a function of the other, say b =f(a), then 
this equation becomes 

<l>(xyy,z,a,f(a))==0, (1) 

which represents one of the families of surfaces included in 
the system represented by (2). The equation of the envelope 

* For proof see C. Smith, Solid Geometry, Arts. 211-215 ; W. S. 
Aldis, Solid Geometry, Chap. X. 
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^ 



X)f the family of surfaces represented by (1) will also satisfy 

(1) Art. 110, for reasons similar to those given in the case of 

the singular integral. 

Moreover, this equation will be different from that of the 

envelope of all the surfaces, and it is not a particular integral. 

It is called the general integral ; and it is found by eliminating 

a between 

^ (a;, y, z, a, /(a)) = 0, 

and ^=0. 

da 

These two equations together represent a curve, namely, the 
curve of intersection of two consecutive surfaces of the system 
<^(a;, 2/, 2, a, f(a)) = 0. The envelope of the family of surfaces, 
being the locus of the ultimate intersections of the surfaces 
belonging to the family, that is, of the intersections of consecu- 
tive surfaces, contains this curve to which the name charac- 
teristic of the envelope has been given. Hence the general 
integral may be defined as the locus of the characteristics. 

Other relations may appear in the process of deriving the 
singular and the general integrals from the complete integral, 
but it is beyond the scope of this work to discuss such relations. 
When one has performed the operations necessary to find the 
singular and the general integrals, he should test his result by 
trying whether it satisfies the differential equation. (Compare 
Alts. 33-38.) 

In the case of every equation, the general integral and the 
singular integral, as well as the complete integral, must be 
indicated or the equation is not considered to be fully solved. 
The complete integral is to be found first, and from it the other 
two are to be derived.* It is evident that the locus of the 
singular integral will be the envelope of the loci of all the 
other integrals, of the general as well as of the complete. 

* The distinction between the three kinds of integrals of partial dif- 
ferential equations was made by Lagrange in Memoirs of the Berlin 
Academy, 1772, 1774. 
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Ex. In Ex. 1, Art. 108, the differential equation 

«2(l)2 + 52 + l)=c2 (1) 

was derived from 

(x - A)2 + (y -ky + «2 = c2. (2) 

The latter equation, which contains two arbitrary constants, is the 
complete integral of the former ; it represents the doubly infinite system 
of spheres of radius c, whose centres are in the xy plane. 

A particular integral of (1) is obtained by giving h and k particular 
values in (2) ; thus, 

is a particular integral. 

The singular integral of (1) is the equation that represents the envelope 

of these spheres ; it is obtained by eliminating h and k from (2) by means 

of the relations derived by differentiating (2) with respect to h and k. 

The differentiation gives 

a — ^ = 0, 

2/- A: = 0; 

on substituting these values in (2), h and k are eliminated, and there 

results the equation 

z = ±c. 

This satisfies equation (1), and, therefore, is the singular integral. It 
represents the two planes that are touched by all the spheres represented 

by (2). 

Suppose, now, that one of the constants is made a function of the 

other, say, that 

k = h. 

Then the centres, since their co-ordinates have that relation, are re- 
stricted to the straight line y = x in the xy plane ; and of the system of 
spheres representing (2) there will be chosen a particular family,' natnely, 

(X - hy + (y - hy -\-z^ = c2. (3) 

The envelope of this family is the tubular surface, in this case a cylin- 
der, which is generated by a sphere of radius c, when its centre moves 
along the line y = x. The equation of this envelope is a general integral ; 
it is found by eliminating h from (3) by means of the relation obtained 
by differentiating (3) with respect to h. 

The differentiation gives x — h-^y — h = 0, 
whence h = J(ic + y). 
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Substituting this value of h in (3), 

»2 + 2/2 _ 2x2/ 4- 2 02 = 2 c^ 

which is a general integral. 

If the relation between the constants were assumed to be 

*« = 4 ah, 

the corresponding general integral would be the equation of the tubular 
surface generated by a sphere of radius c, whose centre moves along the 
parabola y^ = 4ax in the xy plane. 

113. The integral of the linear equation.^ In Art. 109 it was 
shown that from an arbitrary functional relation 

<l>(u,v) = (1) 

there is derived, by the elimination of the function <^, a linear 
partial differential equation 

Pp+Qq = R. (2) 

Suppose that (1) has been derived from (2) ; then i^(u, v) = 
is called the general solution of (2). Since <^ is an arbitrary 
function, the solution (1) is more general than another solution 
of (2) that merely contains arbitraiy constants. For instance, 
Ex. 2, Art. 109, shows that the general solution of 

yp-xy = 

is . z = F(x^-\-f), 

where F denotes an arbitrary function. The arbitrary func- 
tion F may take various forms, as, 

2 = a sin (ic* -I- ^ 4- 6, 

etc., 

which are all solutions of the differential equation, and are 
included in the general solution above. 

♦The student will find it of great advantage to read C. Smith, Solid 
Geometry, Arts. 216-226 ; W. S. Aldis, Solid Geometry, Arts. 142-161, in 
connection with this and following articles. 
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114. Equation equivalent to the linear equation. The type of 
a partial diif ereutial equation which is linear in p and q is 

Pp^Qq^R, (1) 

P, Q, R being functions of x, y, z. 

Suppose that u = a 

is any relation that satisfies (1); differentiation with respect 
to X and y gives 

§JI£m— —0 
dx dz 

dy dz 

du du 

dx 3v 

whence »= — -—-, g = — -i. 

du du 

dz dz 

Substitution of these values of p and q in (1) changes it to 

P^ + Q^+Bp = 0. (2) 

dx dy dz 

Therefore, if i* = a be an integral of (1), tt = a also satisfies 
(2). Conversely, if i* = a be an integral of (2), it is also an 

du 

integral of (1). This can be seen by dividing by -— and substi- 

dz 

tuting p and q for the values above. Therefore equation (2) 
can he taken as equivalent to equation (1). 

115. Lagrange's solution of the linear equation. In Art. 100 

it was shown that 

<l>(u, v) = 

is a general integral of (2) Art. 114 when u = a, v = 6 are 
independent integrals of the system of equations 

dx _dy _da^ 
'P^ Q" R 



§ 114-116.] LAGRANGE'S SOLUTION. 155 

Hence the following rule may be given : 

To obtain an integral of the linear equation of the form 

Pp+Qq=.B, 
find two independent integrals of 

f-f = f (3) 

let them he u = a and v = bj 

then <f>(u, v) = 0, 

where <^ is an arbitrary function, is an integral of the partial 
differential equation. 

Instead of <^(ie, v) = 0, there can with equal generality be 
written u =f(v), where / denotes an arbitrary function. 

This is known as Lagrange's solution of the linear equa- 
tion;* the auxiliary equations (3) are called Lagrange's 
equations ; and the curves of intersection of the surfaces rep- 
resented by the integrals of (3) are called Lagrangean lines. 

116. Verification of Lagrange's solution. The truth of 
Lagrange's solution may also be shown in the following way. 
Form the differential equations corresponding to u = a and 
V =h,hy eliminating the arbitrary constants a and b ; this gives 

ax ay az 

dx-h — dy-\' — dz = 0, 
ax ay az 



* Joseph Louis Lagrange (1736-1813) was one of the greatest mathe- 
maticians that the world has ever seen. He wrote much on differential 
equations, and the theory of the linear partial equation was first given by 
him. He discussed the case of three variables and gave the solution in a 
memoir in the Berlin Academy of Sciences in 1772 ; he treated singular 
solutions in a memoir of 1774 ; and in memoirs of 1779 and 1786 he gave 
a generalised method applicable to equations having any number of varia- 
bles. See footnote, page 40. 
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dx _ dy _ dz 

whence Qu dv_dudv~dudv_dtcdv~dudv_ du dv 
dy dz dz By dz dx dx dz dx dy dy dx 

But, in Art. 109, it was found that the equation derived from 
<^ (w, v) = by eliminating <^ is 

du dv du dv\ . fdu dv du dv\ du dv du dv 



A /du dv_du dv\ _ 

(J \dz dx dx dz) 



dy dz dz dy) \dz dx dx dz ) dx dy dy dx 

Comparison shows that these equations have the forms 

dx_dy__ dz 

and Pp-^- Qq = R, respectively. 

Ex. 1. Solve xzp + yzq = xy. 

Dividing by xyz, ^ + ^ = - ; 

y X z 

forming the auxiliary equations, 

ydx = xdy = zdz. 

Integrating the equation formed by the first two terms, 

X 

Also y dx ■\- xdy — ^z d.z \ whence z^ — xy=^ c. 

Therefore, the solution \& z'^ — xy — <t>\^', ot f(z^—xy^ ^ j = 0. 

Ex. 2. Solve p + a = — 

a 

Ex. 3. Solve {yaz — ny)p + (nx — lz)q = ly — mx. 
Ex. 4. Solve x^p + y^ = z\ 

Ex. 6. Solve ^^ ^- xzq = y^. 



117. The linear equation involving more than two independent 
variables. If there be n functions Ui, u^, •••, w„, of n + 1 varia- 
bles z, Xi, 0^2, •••, Xf^f z being dependent and the other variables 
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> 



independent, then the arbitrary function <^ can be eliminated 

from 

<l>(ui,u^ •••, ^») = (1) 

by an extension of the method used in Art. 109. The result 
will be a linear partial differential equation of the form 

P,^'hP2^+ - -\-Pn^=B. (2) 

ax dx2 dx^ 

Moreover, on forming the differential equations correspond- 
ing to Wj = Ci, ^2=02, •••, Urt = c„, by eliminating the constants 
c„ Cj, •••, c^ and proceeding as in Art. 116, there will be obtained 

dxi _ d^ __ _ dx^ _ dz /o\ 

P\ A Pn P' 

Hence the following rule may be given : 

In order to deduce the general integral of the partial differ- 
ential equation (2), write down the auxiliary equations (3), and 
find n independent integrals of this system of equations ; let 
these integrals be 

then <^(t*i, ?t2, • • •, n^ = 0, 

where <^ denotes an arbitrary function is the integral of the 
given equation. 

Suppose that w = c is an integral of (2) ; then 

dz dXf /. i o \ 

dz 

equation (2) can take the equivalent form 

P^^+P.p^+■■^+P.p^ + Bp = 0. (4) 

dxi 0X2 ox^ dz 
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Ex.1. Solve G+y+«)|^ + («+«+«) ^ + («+x+y)|^=x+y+«. 

o* dy o^ 

The auxiliary equations are 

dt __ dx _ dy __ dz 

x-\-y-{-z~y-\-z + t~z + t + x t + x-^y* 



whence, 



dt -\- dx + dy -\- dz _ dt —Jx _ 
Ht + x-hy + z) ~ x-t 



from this, log (t + a; + y + z)^ = log -^ ; 

x — t 

hence, {x — t)(t + x ■\- y ■\- z)^ = ci\ 

similarly, {y - t){t-\- x-\-y ^ z)ts = C2, 

and {z — t){t -{^ X -\- y -\- zp = c%. 

Hence the solution is 

<^{(a - t)u, {y - t)u, (z — t)u} = 0, 

where u={t-\-x + y + z)^, 

Ex. 3. Solve x^-\-y^^^-{-z^- = xyz, 

dx dy dz 

118. Geometrical meaning of the linear partial differential 
equation. In Art. 105 it was shown that the curves whose 
equations are integrals of 

dx dy dz z-x 

are at right angles to the system of surfaces whose equation 

satisfies 

Pdx + Qdy + Rdz = 0. (2) 

Suppose that u = a, v = h 

are any pair of independent integrals of (I). Let a take a par- 
ticular value, say aj. The surface represented by w = Oi is 
intersected by the system of surfaces whose equation is v = 6, , 
in an infinite number of curves, a curve for each one of the ' 
infinite number of values that h can have. Thus w = aj repre- j 
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# 



sents a locus which passes through, or upon which lie, curves 
infinite in number, that are orthogonal to the surfaces repre- 
sented by (2).t Therefore, since the general integral of 

Pp-hQq = R (3) 

is an arbitrary function of integrals of equations (1), any 
integral of (3) passes through a system of lines that are 
orthogonal to the surfaces forming the locus of (2) ; and hence 
the surfaces represented by (3) are orthogonal to the surfaces 
represented by (2). 

* 119. Special methods of solution applicable to certain standard 
forms. There are a few standard forms to which many equa- 
tions are reducible, and which can be integrated by methods 
that are sometimes shorter than the general method which will 
be shown in Art. 123. These forms will now be discussed. 

Standard I. To this standard belong equations that involve 
p and q only ; they have the form 

F{p,q) = 0. (1) 

A solution of this is evidently 

z = ax -{- by -^ c, 

if a and b be such that i^(a, 6) = ; that is, solving the last 
equation for b, if b =f(a). The complete integral then is 

z = a^-\- yf(a) -\- c. (2) 

The general integral is obtained by putting c = <f> (a), where 
<f> denotes an arbitrary function, and eliminating a between 

z = ax + yf(a) + <^ (a), 
and = « + yf'io) + <f>'(a). 

* Arts. 110-122 closely follow Forsyth, Differential Equations, Arts. 
191-196. 

t When such surfaces exist. See Arts. 104-106. 
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The singular integral is obtained by eliminating a and c be- 
tween the complete integral (2) and the equations formed by 
differentiating (2) with respect to a and c ; that is, between 

2 = aaj 4- yf{o) + Cy 

^ = x-\-yf{a), 

= 1; 
the last equation shows that there is no singular integral. 
Ex.1. Solve (1) i>2^.g2 = ^2. 
The solution is e = ax -\- by -\- c^ if a^ ^ 52 _ ^2, 
Therefore, the complete solution is 



(2) z = ax-\- >/wi2- a^y + c. 
To find the general integral, put c =/(a); 



then « = ax + Vm*'* — a^ y + /(a) ; 

differentiate with respect to a, 

= a;- ^ y+/(a); 
>/m2 - a^ 

and eliminate a by means of these two equations. 

A developable surface is the envelope of a plane whose equation con- 
tains only one variable parameter.* Therefore, the general integral in 
this case represents a developable surface. In particular, if c or /(a) be 
chosen equal to zero, then the result obtained by eliminating a is 

(3) «2 = ^i2(aj2 4. y2). 

The complete integral (2) represents a doubly infinite system of planes ; 
the particular integral obtained by putting c equal to zero represents a 
singly infinite system of planes passing through the origin ; and the gen- 
eral integral (3) represents the cone which is the envelope of the latter 
system of planes. 

Ex. 2. Solve (1) x2p2 + ^2^2 _ 3,2. 

This may be written (^^^V+ f ^V= 1. Put ^ = (ZX, ^ = dr, 

\zdxl \zdyl X y 

— = dZ] whence X = log x, Y= log y, Z = log 2 ; the equation then 
z 

 See C. Smith, Solid Geometry, Art. 221. 
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which comes under Standard I. 

From the preceding example the complete integral is 



Z = aX+Vl -a^Y-\-\ogc; 



lieuce, z = cx«2/^i '»^ which is the complete integral of (1). The singular 
integral is ^ = ; the general integral is to be found in the usual way. 

Ex. 3. Solve 3p2 _ 2 ^2 _ 4p^. 

p 
Ex. 4. Solve QT = e «. 

Ex. 6. Solve pq = k. 

120. Standard II. To this standard belong equations 
analogous to Clairaut's; they have the form 

z=px + qy-{-f{p,q). (1) 

That the solution is 

z = ax-i-by-\-f(a,b) (2) 

can easily be verified. This is the complete integral, since 
it contains two arbitrary constants. It represents a doubly 
infinite system of planes. 

In order to obtain the general integral, put b = <^(a), where 
<^ denotes an arbitrary function ; then 

z = ax-\- y<l>(a) -\-f\a, </>(a)}; 
differentiate this with respect to a, 

0=a; + 2/<^'(a)+/'(a), 
and eliminate a between these equations. 

In order to obtain the singular integral, differentiate 

z = ax-^by-\-f(a, b) 
with respect to a and b, thereby getting the equations 

and eliminate a and b between these three equations. 
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Ex. 1. Solve z =px-\- qy -\- pq. 

The complete integral is 

z = ax-^ by -\- ab. 

In order to find the singular integral, differentiate with respect to a 

and b ; this gives 

= X + 6, 

= y + «; 

elimination of a and 6 by means of these equations gives z = —xy. 

The general integral is the a eliminant of 

z = ax-\-yf(^a)-{-<tf(a), 

= x + y/'(a)+a/'(a)+/(a), 

where / denotes an arbitrary function. 

Ex. 2. Solve z =px-{- qy — 2y/pq. 



Standard III. To this standard belong equations that 
do not contain x or y, they have the form 

F(z,p,g)=:0, (1) 

Put X for X -f ay, where a is an arbitrary constant, and 

assume 

z=f(x-]-ay)=f(X) 

for a trial solution ; then 

dz dX dz dz dX dz 



dX dx dX' ^ dX dy dX 
Substitution in (1) gives 

which is an ordinary differential equation of the first order. 
The solution of (2) gives an expression of the form 

dz , / V 
dX = '^^'' ">' 

dz 

whence, — = dX\ 

* («, a) 

integrating, f{z, a) = X -\-b, 
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and hence, x -{- ay -{- b = f (z, a) 

is the complete integral. 

The general and the singular integrals are to be found as 
before. 

This method of solving equations of Standard III. can be 
formulated in the following rule : 

dz 
Substitute ap for g, and change p to , X being equal to 

dX 

x-\- ay, then solve the resulting ordinary differential equation 

between z and X. 

Ex.1. Solve (1) ;?2(p2 + g2^_i)_c2. 

dz 
On putting ap for 5, changing p to , and separating the variables, (1) 

becomes 

V^iMH ^^^ = dX. 

Vc2 - «2 

Integrating, - Va^ + l Vc* - z^ = X + 6 ; 

squaring, and substituting for Xits value x + ay, 

(2) (a2 + 1) (c2 - «2) 33 (a; ^_ ^y ^ 5)2. 

This is the complete integral of (1), since it contains two independent 

arbitrary constants a and b. 

Differentiate (2) with respect to a and b, and eliminate a and b ; there 

results 

02 = c2, 

which satisfies (1), and is thus the singular solution. 

In order to find a general integral, substitute for b some function of a, 

and eliminate a from the equation. 

In particular, on putting 

b = — ak — h^ 
(2) becomes 

(S) (a2 ^ i)(^c^ - zi) = [x - h + a(y - ife)}2. (3) 

Differentiation with respect to a gives the equation 

2 a(c2 - «2) = 2(y - k){x - 7i 4- a(y - k)}, 

which in virtue of (3) can be put in the form 

(4) {x-h-^a(y- k)} {a{x -K)-{y- k)} = 0. (4) 
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On eliminating a from (3) by means of the first component equation 
of (4), there appears the equation 

2:2 = c2 ; 

and on eliminating a by means of the second component equation, there 

comes 

(X - hy + (y- k)^ + z^ = c2. (5) 

The general integral is thus made up of the last two equations, which 
represent two parallel planes and a sphere. The planes and sphere form 
the envelope of the cylinders represented by (.3). Equation (6) may also 
be regarded as a complete integral, if h and A; be taken as arbitrary con- 
stants. (See Ex. 1, Art. 108 and Art. 112.) 

Ex. 2. Solve gV' _ g(^g _ px). 

This may be written 

('i)'"('-g)^ 

and putting d r for -^, dXfor — , (whence F= logy and X= logo;), 

y X 

the latter equation becomes 

which belongs to Standard III. 

Ex. 8. Solve 9(p'^z + q^) = 4. 

Ex. 4. Solve p(l + q'^) = q(z - a). 

Ex. 6. Solve pz=l + q'K 



\. Standard IV. To this standard belong equations that 
have the form 

fii^y P) =f2(y, q)' (1) 

In some partial differential equations in which the variable 
2 does not appear, it happens that the terms containing p and 
X can be separated from those containing q and y ; the equation 
then has the form (1). 

Put each of these equal expressions equal to an arbitrary- 
constant a, thus, 

fi(x,p) = a, /2(2/, g) = a; 
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and solve these equations for p and q, thus obtaining 

p = Fi(x, a), q = F,,(y, a). 
Integration of the last two equations gives 

2=1 Fi(Xy a)dx -f- a quantity independent of .c, 

and ^ = I ^2(^j ^)^y + 21 quantity independent of y. 

These are included in, or are equivalent to 

z = fF,(x, a) -{-jF^iy, a) + b, 

where b is an arbitrary constant. 

This is the complete integral, since it contains two arbitrary 
constants; the general integral and the singular integral, if 
existing, are to be found as before. 

Kx. 1. Solve q —p + x — y = 0. 
Separating q and y from p and a, 

q-y=p-x. 
Write q'-y=p — x = a; 

V hence p = x + a and q = y + a; and therefore the complete integral is 

There is no singular integral; the general integral is given by the 
elimination of a between 

2«=(a; + rt)2 4- (y + ay+f(a) 

and = 2(x + a)+ 2(y + a) +/'(«), 

I / being an arbitrary function. 

Ex. 2. Solve p^'-q^= ^-^^Z. 

z 

Hence ^p^ — sc = z(^ — y. Put dZ for ^dz, 

Ex. 8. Solve g = 2 yp\ 
Ex. 4. Solve Vp + Vg = 2x. 
^ Ex. 6. Solve p^ + q^ = X + y. 

Ex. 6. Solve 2!2(|,2 _j_ g2) = x3 + 2^. 
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General method of solution.* It will be remembered 
that, in order to solve some of the ordinary differential equar 
tions of the first order in Arts. 24-29, another differential 
relation was deduced; and by means of the two differential 
relations, that were thus at command, the derivative was 
eliminated and a solution obtained. The general method of 
solving partial equations of the first order will be found to 
present some points of analogy to the method employed in the 
articles referred to. 

Take the partial differential equation 

F(^, y, z, p, g) = 0. (1) 

Since z depends upon x and y, it follows that 

dz =pdx-^qdy, (2) 

Now if another relation can be found between x, y, z, p, q, 
such as 

/(», y, 2, Pj q) = 0, (3) 

then p and q can be eliminated ; for the values of p and q 
deduced from (1) and (3) can be substituted in (2). The 
integral of the ordinary differential equation thus formed in- 
volving X, y, Zf will satisfy the given equation (1); for the 
values of p and q that will be derived from it are the same 
as the values of p and q in (1). 

A method of finding the needed relation (3) must now be 
devised. Assume (3) for the unknown relation between oj, y, z, 
p, q, which, in connection with (1), will determine values of p 
and q that will render (2) integrable. On differentiating (1) and 
(3) with respect to x and y, the following equations appear : 

* This method, commonly known as Charpit's method, in which the 
non-linear partial equation is connected with a system of linear ordinary 
equations, is due partly to Lagrange, but was perfected by Charpit. It 
was first fully set forth in a memoir presented by Charpit to the Paris 
Academy of Sciences, June 30, 1784. The author died young, and the 
memoir was never published. 



§ 123.] GENERAL METHOD OF SOLUTION. 167 



dF dF . dF dp dF dq ^ 
dx dz dp dx dq dx 

dy dz dp dy dq dy~ ' 

dy dz dp dy dq dy 

The elimination of -J- between the first pair of these equa- 
tions gives ^ 

\dx dp dp dx) ^\dz dp dp dz) dx\dq dp dp dq) ' 
and the elimination of - between the second pair gives 

\dy dq dq dy) ^\dz dq dq dz) dy\dp dq dq dp) 

On adding the first members of these two equations, the last 
bracketed terms cancel each other, since 

dq _ dh _ dp^ 
dx dxdy dy 

hence, adding and re-arranging, 

dx dz J dp \dy dz ) dq \ dp dq ) dz 

^V dp)dx^\ dq)dy '^ 

This is a linear equation of the first order, which the auxil- 
iary function / of equation (3) must satisfy. This form has 
been considered in Art. 117, and its integrals are the integrals 
of 
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dz dx 





dp 




dq 




dF 

dx 


+P 


dF~ 

dz 


dF , 
<iy 

-dF~ 


dF 

dz 

df 
" 



_ dF__ dF -dF 
dp dq dp 



0">; 



dq 

Any of the integrals of (5) satisfy (4) ; if such an integral 
involve p or q, it can be taken for the required second relation 
(3). Of course, the simpler the integral involving p or g, or 
both p and q that is derived from (5), the easier will be the 
subsequent labor in finding the solution of (1). 

This method is applicable to all partial differential equations 
of the first order ; but it is often better to enquire whether the 
equation to be solved is reducible to one of the standard forms 
discussed in Arts. 119-122. The reduction and the subsequent 
integration by one of the special methods is generally, but not 
always, less laborious than the integration by the general 
method. By applying the general method to the linear equa- 
tion and the standard forms, the integrals obtained in the pre- 
ceding sections are easily obtained.* 

Ex. 1. Solve 

(1) p(52 + l)H-(6_;5)g=0. 

Here equations (5) Art. 123 reduce to 

^2^ ^_d2_ dz die d^ 

i)g~g2 ~^pq^^pjr(h-z)q~ q^-\-l~ -z-\-h-ir'2,pq 

dz 
The third fraction, by virtue of the given equation, reduces to - 



2pq^ 
From the first two fractions, there comes, on integration, 

where a is an arbitrary constant. 

This and the original equation determine the values of p and q ; namely, 

p = M'-^)-l, q = y/a(z-b)-l. 

? t 

* See Forsyth, Differential Equations, Arts. 203-207 ; Johnson, Differ- (| 
ential EquationSy Arts. 288-293. , 
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Substitution of these values in 

dz =pdx+ qdy 

gives dz = (.—^ dy\ Va(z-b)-l, 

where the variables are separable ; this on integration gives 



2Va{z- &)- 1 =x-\- ay + b. 

There is no singular solution ; the general solution is obtained in the 
usual way. 

This equation comes under Standard III., and the ratios chosen from 

(2) give the relation q = ap, which is used in the special method. Had 

there been chosen the equation formed by another pair of ratios from 

(2), say from 

dq __ dx 

another complete integral would have been obtained ; namely, 



Ex. 2. Solve z =pqhy the general method. 
Ex. 3. Solve (p2 4- q^)y= qz. 

Ex. 4. Solve the linear equation and the standard forms by the general 
m'sthod. 

Partial Differential Equations of the Second 

AND Higher Orders. 

124. Partial equations of the second order. In this and the 
following articles,* a few of the simplest forms of partial dif- 
ferential equations of the second order will be briefly consid- 
ered; hardly more will be done, however, than to indicate the 
methods of obtaining their solutions. Some of these equations 
are of the highest importance in physical investigations. 

In what follows, z being the dependent variable, and x and y 
the independent, r, s, t will denote the second derivatives : 



* In connection with these articles read the introductory chapter of 
W. E. Byerly, Fourier's Series and Spherical Harmonics. 
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da^' dxdy dy^ 

There will be discussed linear equations only ; that is, equa- 
tions of the first degree in r, 8, t, which are thus of the form 

Rr-\-S8-\-Tt=V, 

where Ry S, T, V are functions of x, y, z, p, q. The complete 
solutions of these equations will contain two arbitrary func- 
tions.* In Art. 125 will be given some examples of equations 
that are readily integrable, the special method of solution 
necessary being easily seen ; and in Art. 126 will be given 
a general method of solution. 

125. Examples readily solvable. It is to be remembered that 
X and y, being independent, are constant with regard to each 
other in integration and differentiation. 

Ex. 1. Solve -i??-=?-f.a. 
dxdy y 

Writing it ^ = ? + a, 

dy y 

integration with regard to y gives 

p = x\ogy +ay + 0i(«), 

the constant with regard to y being possibly a function of x. 
Integrating the last e(iuation with regard to x gives 

z = \{z log y + ay + <Pi(x)}dXy 

= -^^ogy-^axy-\-if>(x)+^(y), 

the constant with regard to x being possibly a function of y. 
Ex.2. Solve ^-g--f|/(x)=F(y). 

Rewrite it, ^ + pf(x) = F(y) . 

ay 



* See Art. 109, Ex. 6. 
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i This equation is linear in p, and x is constant with regard to y ; hence 

integration gives 

and integration of this with regard to x gives 

Ex. 3. ar = xy. 

Ex. 4. xr = {7i — l)p. 

126. General method of solving Rr -^ Ss -\- Tt = V, On writ- 
ing the total differentials of p and q, 

dp = rdx-^ sdy, 
dq = sdx-]- tdy, 

the elimination of r and t by means of these from the given 
equation, 

Br + Ss+Tt=V, (1) 

gives (Rdpdy+ Tdqdx- Vdxdy)-s(Rdy^-Sdxdy-{- Tdx^=0. 

If any relation between x, y, z, p, q will make each of the 
\ bracketed expressions vanish, this relation will satisfy (1). 

From Rdy^ - Sdxdy + Tdx^ = 1 

* (2) 

Rdpdy -f- Tdqdx - Vdxdy = J ^ ^ 

and dz = pdx -]- q dy, 

it may be possible to derive either one or two relations between 
' ^> Vy ^9 Ih Q called intermediary integrals, and therefrom to 
deduce the general solution of (1). For an investigation of 
the conditions under which this equation admits an interme- 
diary integral, and for the deduction of the way of finding the 



* These are called Mongers equations, after Gaspard Monge (1740-1818), 
i the inventor of descriptive geometry, who tried to inteprrate equations of 
the form Br + Ss -{■ Tt = 0, in 1784, and succeeded in some simple caaes. 
The method of this article is also called by his name. 



172 DIFFERENTIAL EQUATIONS. [Ch. XII. 



general integral see Forsyth, Differential Equations, Arts. 228- 
239. The statement of the method of solution derived from 
this investigation is contained in the following rule : 

Form first the equation 

Rdf - Sdxdy + Tds^ = 0, (3) 

and resolve it, supposing the first member not a complete 
square, into the two equations 

dy — niidx = 0, dy — m^x = 0. (4) 

From the first of these, and from the equation 

Rdpdy + Tdqdx— Vdxdy, (5) 

combined if necessary with dz=pdx-\- qdy, obtain two inte- 
grals Ui = a, Vi = b', then 

^1 = /i (vj), 

where /i is an arbitrary function, is an intermediary integral. 

From the second of the equations (4), in the same way, 
obtain another pair of integrals, Wj = a, Vg = 6 ; then 

is another intermediary integral, /2 being arbitrary 

To deduce the final integral, either of these intermediary 
integrals may be integrated; and this must be done when 
7>i,j = m2. When mj and m2 are unequal, the two intermediate 
integrals are solved for jp and g, and their values substituted in 

dz=pdx -\-q dy, 

which, when integrated, gives the complete integral. 

Ex. 1. Solve r — aH = 0. (This equation is solved by another method 
in Art. 128.) 

Here the subsidiary equations (4) and (6) are 

(1) dy -\- a dx = a^^ dy — adx ^ 0, 

(2) dp dy — ahlx dq = 0. 
Hence y + «x = ci, y — ax = c%. 



.1 
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Combining the first of equations (1) with (2), 

dp + adq — 0, whence p-\- aq = c'i = Fi(y + ax); 
combining the second of (1) with (2), 

dp — adq = 0, whence p — ag = c'2 = J^2(y — ox). 
From the last two integrals 

P = J[^i(y + ««) + ^2(y - ««)]» 

and Q=-^r-[^i(.y -^ ax) - ^2(y - ««)]• 

2 a 

Substitution of these values of p and qmdz=pdx -\- q dy, gives, on re- 
arranging terms, 

dz = — lEi(y + ax) {dy + a dx) — F^^y — ax) (dy — a dx)\ 
2a 

which is exact. Integration gives 

2 = 0(y + ax)+ ^(y - ax). 

The equation in this example, ^-^ — a^ ^^ = 0, is a very important one 

in mathematical physics. It is called the equation of vibrating cords, 
sometimes D*Alembert^s equation, from the name of the geometer who 
first integrated it in 1747.* It appears in considering the vibrations of a 
stretched elastic string, t being the time, y being measured along the 
string, and u being the small transversal displacement of any point. 
This equation also gives the law of small oscillations in a thin tube of air, 
for instance, in an organ-pipe. The functions <f> and ^ that appear in the 
general solution are to be determined from the given initial conditions. 

Ex. 2. p8-qr = 0. Ex. 8. x> + 2 a;y« + yH = 0. 

127. The general linear partial equation of an order higher 
than the first. A partial differential equation, which is linear 
with respect to the dependent variable and its derivatives, is 
of the form 

 Jean-le-Rond D'Alembert (1717-1783), who first announced in 1743 
the principle in dynamics that bears his name, was one of the pioneers 
in the study of differential equations. 



174 DIFFERENTIAL EQUATIONS. [Ch. XII. 

where the coefficients are constants or functions of x and y. 

On putting D for -— and D' for — -, this may be written 

ax ay 

(A^ -h AiD'-W 4- '+A^D'^ -f ... -^MD + ND' + P)z 

=/(«?, y), (2) 

or briefly, F(D, D") z =f{x, y). (3) 

As in the case of linear equations between two variables 
(see Art. 49), the complete solution consists of two parts, the 
complementary function and the particular integral, the comple- 
mentary function being the solution of 

F{D, D')z = 0. (4) 

Also, itz = Ziy z = Z2, ..., 2 = 2„ be solutions of (4), 

is also a solution. 

Other analogies between linear partial and linear ordinary 
equations, especially in methods of solving, will be observed 
in the following articles. 1 

128. The homogeneous equation with constant coefficients : the 
complementary function. All the derivatives appearing in this 
equation are of the same order, and it is of the form 

. (A,D^ 4- A,D-W -h ... + A^D'-) z =f(x, y). (1) 

If it be assumed that z = <f>(y -\- mx)y differentiation will 1 
show that 

Dz = m<l}' (y -\- mx), D^z = m"<^^-> (y + mx), D'^'z = <^<'»> (y -f mx), \ 
and, in general, that , 

iyD"z = m''</»<''-»-> (y + rnx). 

Therefore, the substitution of <^ (y -h inx) for z in the first mem- 1 

ber of (1) gives (^m» + ^,m" -^ -|- • • • + A) <^^"^ (y + mx). This ; 

is zero, and consequently, <f> (y -f mx) is a part of the comple- j 

mentary function if m is a root of I 



i 
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^m" + ^im"-^ -f- • • + A= 0, . (2) 

which, may be called the auQcUiary equation. 

Suppose that the n roots of (2) are m^ mg, •••, m^ then the 
complementary function of (1) is 

where the functions <f> are arbitrary. The factors of the co- 
efficient of z in (1) corresponding to these roots are D — rriiD'y 
D — mzD^j •••, D — rrinD'; and these are easily shown to be 
commutative. (Compare Arts. 50, 54.) 

Since e-^</>(2,) = (l + majZ>' + ?^/>'^+ ...)<^(y), 

the part of the C.F. corresponding to a root m of (2) may be 
written 6**"^'<^(y). 

Ex. 1. -2^ - a2^ = 0. (See Ex. 1, Art. 126.) 

Here (2) is m^ — a^ = Oj whence m has the values + a, —a. Hence 
the solution is 2; = 0(y + ax) + ^y — aa;). 

Ex. 2. Find the C.F. of ^ + 3^^ ^. 2 3!£ = a; + y. 
Ex. 8. Find the C.F. of ^ - -^ -6^ = xy. 

d^^ dxdy dy^ 

129. Solution when the auxiliary equation has repeated or 
imaginary roots. As in the case of equations between two 
variables (see Arts. 51, 52), further investigation is required 
when the roots of (2) Art. 128 are multiple or imaginary. 

The equation corresponding to two repeated roots m is 

(D -~ mD%D - mD") « = 0. 
On putting v for (JD — mD')z, this becomes (D — mD^v = 0, of 
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which the solution is v = <^ (y + mx). Hence 

{D — mD')z = <^(y 4- mx). 

The Lagrangean equations of this linear equation of the first 
order are j •, 

m ^{y -h mx) 
The integrals of these equations are y-]-mx=za, z = x<fi(d)'\-b'j 
and hence, 2; = a;</» (y + mo;) + 1^ (y + mx). 

By proceeding in this way it can be shown that when a root 
m is repeated r times, the corresponding part of the comple- 
mentary function is 

ixr-^<l>i(y+mx) +iiif-^2(jy+mx) -\ ]rX<l}^_i(y+mx)+<l>Xy-\-mx). 

When the roots of (2) Art. 128 are imaginary, the corre- 
sponding part of the solution can be made to take a real form.* 

Ex. ^-3-3?^ + 3-5?^-^ = 0. 

130. The particular integral. Equation (1) Art. 128 being 

expressed by F(Dy D')z = ^ (x, y), the particular integral will 

1 1 

be denoted by ■==TTr-^rr<l>(x. y\ _,^ ^. V being defined as 

^ F{D, ny^' ^^' F{D, D') ^ 

that function which gives V when it is operated upon by 

F{D, Dy (Compare Art. 57.) 

By Art. 128, 



F(D, ny^''" D- m,D' D - m^D' D - m^D' 

It is easily shown that it follows from the definition of 
V that these factors are commutative. The value 



F{D, D") 

of — ^<^(^> y) will now be indicated. For this purpose. 



D-mD' 



* See Johnson, Differential Equations, Art. 319 ; Merrlman and Wood- 
ward, Higher Mathematics^ Chap. VII., Art. 26. 
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; 



it is first necessary to evaluate (Z) — mD') <^ (a?, y). From the 
latter part of Art. 128 it follows that 

e-"«^«^(aj, y) = <l>(x,y- mx) ; 

therefore, Z)e-"«^'<^ (x, y) = D4> (x, y — mx). 

Direct differentiation shows that 

De-^^if> (Xy y) = e-'^^XD - mD')^* (ar, y). 

From equating the second members of the last two equa- 
tions, and operating upon these members with e"*^, it follows 

that 

(Z> - mZ)')<^ (Xj y) = eT'^Dif} (x, y - mx). 

That a similar formula 

^ -<l>(x, y) = c-^ y 6(a:, y - mx) (2) 



holds true for the inverse operator is easily verified. For, 
the application of Z) — mD^ to both sides of (2) gives* 

4> {x, y) = (D- m/>')e'-^ 1<^ (x, y - ma;), 

= (D- mDy""^il/ (a?, y), 

on putting ^(/{x, y) for —4>{x, y — mx)\ and, therefore, by 
Art. 128, ^ 

<^ (a;, y) = (p — mD^xp (x, y -\- m^). 

But the second member of the last equation is also the result 
that would be obtained by putting y -|- mx for y in Dil/ {x, y) 
after the differentiation had been performed ; and this would 
be 4>(xy y) from the definition of \j; given above. Hence 

j<^(a;, y) can be evaluated by the following rule, which 

is the verbal expression of (2) : form the function <l>(x,y — mx), 
integrate this with respect to x, and in the integral obtained, 
change y into y -f- mx, 

N 
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The value of the second member of (1) is obtained by 
applying the operations indicated by the factors, in succession, 
beginning at the right. Methods shorter than this genergil 
method can be employed in certain cases, which are referred 
to and exemplified in Art. 132. Ex. 2 also shows such a case. 

Ex. 1. Find the particular integral of Ex. 2, Art. 128. 
The particular integral 



Z>2 + 3 i>Z>' + 2 i>'^ ' "' D + 2D' D-\-D' 

= ^ i (2 a + y) = (a;2 + X . iT^) = : ^ 

D-\-2D'D^ *^ 2) + 2 2>'^ ^ D -{■ 2 D' 

= -a;(y + 2x) = — + — (y-2a;) = ^--. 
D ^ 32 ^ 2 3 

Ex. 2. Evaluate </>(ax + by). In this case a short method 

can be used in finding the integral. 

Sincft F{Dy D') = I^fI—], and — 0(ax + 6y) = -, and consequently 

\D J D a 

W— ^0(ax + hy)=Fi-\ it follows that 

WhenM8arootofip(g) = 0, ^»»«»^ ^(f ) = (f -f)^(f )^ a^d 
the integral is —rj-^ • — r-^rj — — ( f ... f 0(aa; + b)(dxy-^ ; the latter 

expression can be evaluated by the general rule. 

Ex. 8. Find the particular integral of ^ - a^ ^ = x^. 

Ex. 4. Find the particular integral of Ex. 3, Art. 128. 



§ 131.] THE NON-HOMOGENEOUS EQUATION. 179 



131. The non-homogeneous equation with constant coefficients: 
the complementary function. In order to find the complement- 
ary function of (3) Art. 127, that is, the solution of 

F{D, D')z = 0, (1) 

first assume z = ce**"*"**. (This procedure is like that of Art. 
50.) The substitution of this value of z in F{DyD')z gives 
cF(h, A;)e*'+*^ This is zero if 

F(A,fc) = 0; (2) 

and then z = €€**+** is a part of the complementary function. 
The solution of (2) for k will give values/i(^),/2(/^), •••,/r(^)> if D' 
is of degree r in (1). The part of the solution of (1) corre- 
sponding to k=fi{h) is Scie**"^-^!^*^', S indicating the infinite 
series obtained by giving c and h all possible arbitrary values ; 
hence the general solution corresponding to all the values of k is 

This solution can be put in a simpler form when f(h) is 
linear in h, that is, when /c = a/i + b. In particular this is true 
of the homogeneous equation, which is, of course, a special 
case of (1). Exs. 2, 3 illustrate these remarks. Equally well 
may (2) be solved for h in terms of k, and another form of the 
solution will be obtained, as in Exs. 1, 2. 

Ex.l. ^-^ = 0. 

Here (2) is h^ — k^ = 0, whence k = h^, and thus the solution is 
2J = 2ce**+A, where c and h are arbitrary. Particular integrals are 
obtained by giving h particular values ; for example, the values 1, 6, J 
for h give the particular solutions z = e'+v, z = €^«+s'y, z = gl*+i*y. 

If equation (2) be solved for ^, the particular integral is Sce*i'+* *. 

Ex.2. 2^''^-5.^-^-^ + 6^+33^ = 0. 
dx'^ dx dy dy^ dx dy 

Here (2) is 2 h^ - hk - k^ + 6 h -^ ^ k = 0, where the values of k are 
— 2h,h-\-Z; hence 
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F(/>2, DD', r^') ' "' F{-a\ -ab, -b^ 

and similarly for the cosine ; and that „,^ ^^ afy* can be 
•^ ' F(D, D') ^ 

evaluated by operating upon afy' with [i^(A ■^')]~^ expanded 
in ascending powers of D and D'* 



Since each of these series consists of terms having arbitrary coefficients 
and exponents, it can be represented by an arbitrary function. Conse- 
quently the solution can be represented by 

The equation above might have been solved for h^ the values being 

_ *, jfc _ 3. Hence, 
2 

z = Scie*(*'"P + 26*(«+i')-3'=0^y-^^ + e-^(x + y) 

is another way in which the solution may be written. 

Ex. 3. Solve Ex. 1, Art. 128 by this method. Here the values of h are 
ak., — aky and hence 

z = 2ci6*<»-»-«') + Sc26*(»-'«) = <f>(y + ax) + f (y - ox). ' 

Ex. 4. Find the complementary function of , 

dx^ dy^ dx dy 
Ex. 5. Find the complementary function of 

dx^ dx dy dy 
Ex. 6. Find the complementary function of , 

dx^ dy^ dx dy 

132. The particular integral. The particular integral can be 
obtained in certain cases by methods analogous to those shown 
in Arts. 60-64. It is easily shown, by the method adopted 

in Arts. 60-62, that e^-^^' = -— ^ — e«'+^»' : that 

' F(D,D') F(a,b) ' 

- sin (ax + by) = — — sin (ax + by) , 1 



* For a full discussion, see Johnson, Differential Equations, Arts. 328- 
3Si. 
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dx^ dxdy dy^ dx dy \ i^j >f 

The complementary function, found by Art. 131, is 

<p(y-x)-\-e-^{2X'^y), 
The particular integral is 

L^ {e2«+3if -j- sin (2 x-\-y)-\- icy}. 

1 e2.,^ = ^''-''' 



jfi _ J) J)* _ 2 J9'2 + 2 Z> + 2 />' - 10 ' 

sin (2 ic + w) 

= ^- sin(2x+y) = - ^ - ^^ sin(2a; + y) 

_ cos(2a; + y) 
6 

Z>2 - DD' - 2 Z>'^ + 2 i> + 2 />' ^^ ~ D-\- D' ' D - 2 D' -\- 2 ' ^'^ 
2Z> + i>'\ 2 4 y"^ 

=ri>0-f)^^^-*^-^^-^)=2^^"^-^^-f^^"-'^ 

z=^(i)xy - 6y - 2a;-2 + 9x - 12). 

Therefore, the general solution is 

z = 4>(y-x)-{- e-2«,/.(2 X + y) - -^e2'+=»y - ^cos(2 x + y) 

+ ^(6xy - 6y - 2x2 + 9x- 12). 
24 

Ex. 2. Solve Exs. 1, 3, 4, Art. 130, by the shorter methods. 
Ex. 3. Find the particular integrals of Exs. 4, 5, 6, Art. 131. 
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133. Transformation of equations. The linear partial differ- 
ential equation with variable coefficients, like the linear equa- 
tion between two variables, may sometimes be transformable 
into one having constant coefficients. In particular, an equa- 
tion in which the coefficient of any derivative is of a degree 
in the independent variables equal to the number indicating 
the order of the derivative, is thus reducible. This is illus- 
trated by Ex. 1. (Compare Arts. 65, 71.) 

On assuming u = logic, v — logj/, the equation takes the form 

of which the solution is « = 0(w + r) + ^(m — v). 
The substitution of the values of «, t?, gives 

;j = 0(log(xy))+^(log?) =f{xy) ^ F [f]' 

5X2 J Q;^Qy^ ^ Qy2^ ^ Qy 

Ex. 3. i ^>- _ 1 ^^- = i ^'^- - 1 5?. 
x^ dx^ x^ dx y^ dy^ y^ dy 

134.* Laplace's equation: sy-v = 0. The equation 

usually written v^^ = ^) 

and commonly known as Laplace's t equation, is one of the 
equations most frequently met in investigations in applied 
mathematics, appearing, as it does, in discussions on mechan- 
ics, sound, electricity, heat, etc., especially where the theory of 
potential is involved. 

* Arts. 1.34, 135, 1.36, are merely notes. 

t Because it was first given, in 1782, by Pierre Simeon Laplace (1749- 
1827), one of the greatest of French mathematicians. 
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For instance, if V be the Newtonian potential due to an 
attracting mass, at any point P(x, y, z) not forming a part of 
the mass itself, V satisfies (1) ; * again, if V be the electric 
potential at any point (x, y, z) where the electrical density is 
zero, V satisfies (1) ; t 3»nd, to give one more instance, if a body 
be in a state of equilibrium as to temperature, v being the 

temperature at any point, — =0, and v satisfies (1). If /(a;, y, z) 

denote any value of v that satisfies (1), /(a;, y,z) = c in the first 
two instances is called an equipotential surface, and in the 
third an isothermal surface. 

On changing to spherical co-ordinates by the transformation 

x= r sin cos <f>y 

y = r sin B cos <^, 

zz=zr cos 6, 
(1) becomes X 

which may be written 

and if /t = cos $, it will take the form 

The subject of Spherical Harmonics is in part concerned with 



* B. O. Peirce, Newtonian Potential Function, Art. 28 ; Thomson and 
Tait, Natural Philosophy, Art. 491. 

t W. T. A. Emtage, Mathematical Theory of Electricity and Magnet- 
ism, p. 14. 

X Todhunter, Differential Calculus, Art. 207 ; Williamson, Differential 
Calculus, Art. 323 ; Edwards, Differential Calculus, Art. 632. The equa- 
tion as given by Laplace was in the fonn (2). 
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the development of functions that will satisfy this equation.* 
A homogeneous rational integral algebraic function of x, y, z 
of the nth degree, that is, a function of the form r^f{S, </>) in 
spherical co-ordinates, which is a value of v satisfying (1), is 
called a solid spherical harmonic of the nth degree ; and/(^, <^) 
is called a surfa/ce spherical harmonic of the nth degree. Spher- 
ical harmonics are also known as Laplace's coefficients.t 
If V be independent of <^, (3) reduces to 

On putting v = r"P, where P is a function of only, and 
changing the independent variable 6 by means of the relation 
fi = cos 0, (5) becomes 

j-(l-(>.')^ + n(7i + l)P=0, (6) 

which is Legendre's equation, Art. 83. A function that satis- 
fies (6) or (5) is called a surface zonal harmonic. A particular 
class of zonal harmonics is also known as Legendrean coeffi- 
cients.!: For a treatment of spherical harmonics, see Byerly, 
Fourier^s Series and Spherical Harmonics^ Chap. VI., pp. 195- 
218; and of zonal harmonics, see the same work. Chap. V., 
pp. 144-194. 

In special cases (1) and its solution assume simple forms ; 
two of these will now be shown. 



* See Williamson, Differential Calculus, Chap. XXIII. , Arts. 332- 
337 ; Edwards, Differential Calcxihis^ Art. 189 ; Lamb, Hydrodynamics, 
Ed. 1896, Arts. 82-85 ; Byerly, Fourier^ s Series and Spherical Har- 
monics. 

t So called after Laplace, who employed them in determining V in a 
paper bearing the date 1782. 

t After Legendre, who first introduced them in a paper published in 
1785. Legendre's work in this subject, however, was done before that of 
Laplace (Byerly, Founer^s Series and Spherical Harmonics, Chap. IX., 
p. 267). See Ex. 5, Art. 82. 



i 
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135. Special cases. In the first instance given in Art. 134, 
suppose that the attracting mass is a sphere composed of con- 
centric shells, each of uniform density. Here v obviously 
depends only upon the distance of the point P from the centre 
of the sphere, and hence (2) Art. 134 reduces to 

dr^ r dr ^ ^ 

which on integration gives 

V=:A-^-' (2) 

r 

Equation (1), in which v depends upon r alone, can be 

obtained directly from (1) Art. 134 by means of the relation 

7^ = 0^^ f-^ 7^, For, 

dv_dv Or _x dv 

dx dr dx r dr 

da^ r dr r^ dr r^ dr^ ' 

and on finding similar values for — ,, — -, and adding, there 
results (1). ^y ^^ 

For the discussion and integration of (1) from the point of 
view of mechanics, see Thomson and Tait, Natural Philosophy, 
Vol. I., Part II., p. 35. 

If the point P in the second instance of Art. 134 be outside 
of a uniformly electrified sphere and at a distance r from 

nil nt) 

the centre, obviously -;— = and -- = ; and equations (1) 

and (2) follow as before. For the interpretation and applica- 
tion of this result, from the point of view of electricity, see 
Emtage, Mathematical Theory of Electricity and Magnetism, 
pp. 14, 35, 37. 

Again, suppose that the attracting body in the first instance 
in Art. 134 is made up of infinitely long co-axial cylindrical 
shells, each of uniform density, the 2;-axis being the common 
axis of the cylinder ; or, that in the second instance P is a point 
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outside an infinitely long conducting cylinder uniformly 
charged with electricity, the ^-axis being the axis of the 
cylinder. Since in these cases v depends only upon the dis- 
tance from the axis of the cylinder, that is, upon a^ -f- y^, (1) 
Art. ItM: reduces to ^ ^ 

dn^ dr 
which on integration gives 

v = A log— : OT V = C — A log r, 
r 

For discussion of these and other special cases, see the 
works referred to in the former part of this article, and also 
B. 0. Peirce, Newtonian Potential Function. 

136. Poisson's equation: v^v = — 47rp. If in (1) Art. 134 
the second member be — 4 irp, p being a function of x, y, z, then 
there appears the equation 

which is known as Poisson's equation.* An example of its 
occurrence is the following : t If p be the density of matter 
at the point (x, y, z) in the first instance in Art. 134, equation 
(1) Art. 134 takes the above form. In the case of the sphere 
described in Art. 135, the equation becomes 

d^v , 2 dv M 

dr r dr 
and the first integral is 

^dv 

IT 

dr 

where M denotes the whole amount of matter within the 
spherical surface of radius r. In the case of the co-axial 
cylinders, the equation becomes 

* So called from Siin6on Denis Poisson (1781-1840), who thus extended 
Laplace's equation. 

t See Thomson and Tait, Natural Philosophy^ Art. 491. 
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d^v , 1 dv J, 



dr^ r dr 
and the first integral is 

dv 



dr 



= c-4 



.£prdr. 



EXAMPLES ON CHAPTER XII. 

1. xp-\- yq = nz. 4. (a — x)p + (6 — y)q = c — z. 

8. (^y'^+z^-x'^)p-2xyq + 2xz = 0, 5. (y -\- z)p -{-(z -\- x)q = x^- y. 

3. «|^ + y|^ + «|7 = «^ + ^. 6. a(ip-\-q)=z. 

dx dy dt t 

7. (y^-2x^)p+{2y^-3i^y)q = 9z(x^-y^). 

8. 5; - xp - yg = aVx:^ -\- y^ + z^. 14. x^'^ = yq'. 

9. (»2-y;g);) + (2^2_2;a;)g = 2;2_jcy. ^g p^ -\- q^ = npq. 

10. (yzLf)^ + (l:z^ = ^jiJ?. 16. ;.-i>x-gy = cVrTFT?. 

yz zx xy 

11. cos(a; + y)p + sin(x + y)g = «. ^'^' yP + ^=l- 

12. i>2 = 22(1 _ pq), 18. g = ajp + p2. 

IS. q={z-\-pxY. 19. p(l+g)=g5?. 

20. Find three complete integrals of pg =px-\- qy, 
21. (x2 + y2)(p2^.g2)-.i. 22. pq^x'^y^zK 

23. (x4-2/)(p + g)2 + (x-y)(p-g)2=l. 
24. iy-x)(qy-px) = ip-qy. 26. (p + g)(p« + gy)= 1. 



26. a;r+i) = 9xV- 27. s + ^ = ^. 28. g2r - 2pgs +p2« =0. 

29. g(l + g)r-(p + g + 2pg)s+p(l +;))« = 0. 
SO. 2/r -- (n - 1 )2(p 4- a. S3. ;) + r = xy. 

81. ^2 + f|-^(^) = ^^^^- ^*- ^ = '^^- 

82. xr-p = xy. 36. r + (a + h)s + a6« = Jcy. 

36. (6 + cg)2r - 2(6 + eg) (a + cp)s + (a + cp)2« = 0. 

87. « + |-^P = ay«. 38. r4-^«=15xya. 

1 — v^ X 
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NOTE A. 

A system of ordinary differential equations, of which a part or all is 
of an order higher than the first, can be reduced to a system of equations 
of the first order. 



Take the single differential equation of oi*der n 

Jd^ d;^ _ dy \q 



0) 



and put ^ = «i, 511? = «2, •••, ^ = Vn-i- Then (1) can be replaced by 
dx dx^ dx!^-^ 

the following system of n equations of the first order, 

dx 
dx 



dyn-2 _ y 

ax 



Again, suppose that there are two simultaneous equations, 

fjy ^ dy d:^ dhi dz <P«\__o 

fJx V ^ ^ ^ z ^ ^\-0 
^'r^'dx' dx^' dx^' '' dx' dx^) ' 



On putting ^ = yi, — | = ya, — = zu these two equations can be 

^^^W^ \^f9n^ ^^MR^ 

189 
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replaced by the following equivalent system of equations of the first 
order: 



dy _ 
dx 


yu 










dx 


Vv 










dz 
dx 


«i, 










fi(x, 


yyVu 


y2, 


dy2 « 

dx 


^■•tj= 


= 0. 


A[x, 


y^ yu 


1^21 


d^l z 
dx 


-It 


= 0. 

• 



It is evident that any system of ordinary differential equations can be 
reduced in this manner to another equivalent system, where there will 
appear only derivatives of the first order. 



NOTE B. 

[This Note is supplementary to Art. 1.] 

The Existence Theorem. 

Following is a proof of the existence of an integral of an equation of 
the first order.* 

Suppose that the differential equation </>(y'i y^ x) = 0, where y' stands 

for |. iB put in the form j,,=^(^,y), (i) 

which is always possible. ITiis proof is limited to the case where /(x, y) 
is a function which can be represented by a power-series t 

oq + o>ix + 022/ + «8«^ + dAxy + asy* + ••• + a<jc*y* H — , 

in which the a's are all known, since /(«, y) is known, and which con- 
verges for |x|<r, |y|<^ say. (The symbol |a;| denotes the numerieiil 
value of X. ) 

* This proof is taken from notes of a course on differential equations 
given by Professor David Hilbert at Gottingen. 

t This is by far the most important case, since in the higher mathe- 
matics such functions are almost exclusively dealt with, and in applied 
mathematics they are universally used for approximations. 



\ 
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It is to be shown that there is a convergent series 

y = oo + oia:H- a2a;2-f ... (2) 

which identically satisfies 

y' =/(x, y)=ao+ aix + azy + asx^ -f a^xy + a^y^ + — 

+ ajX"y» H ; (3) 

and which also satisfies a given initial condition, say, that ^ = ^o when 

X = aco.* 

That ^ = when x = may be taken for the initial condition without 
any loss of generality. For, on substituting Xi + aco for x and yi + yo for 

y in (1), it becomes 

yi' = <f>(xu yi); (4) 

and it is evident that for 

yi = ao' 4- ai'a; + a2'x^ -\ 

to identically satisfy (4) and the initial condition that yi = when xi = 0, 
is the same thing as for (2) to satisfy (3) and the initial condition that 
y = yo when x = Xo. Hence the initial condition may be taken in this 
form at the beginning ; and for this it is both necessary and sufficient 
that ao in (2) be zero. 
It will now be shown 

(a) that there is one and only one series, 

y = aix-i- a2x2+ -., (5) 

which satisfies (3) identically; and 

(6) that within certain limits for x this series is convergent. 

On transforming the series in (3), which has been supposed conver- 
gent for |a;|<r, |y|<«, by putting x = rxu y = ty^ equation (3) takes the 
form 

y' =f(^rxu tyi)=ao' -\- ai'xi + ai'yi + a^'Xi^ -f a^'xiyi + -.. 

The second member of this equation is a convergent series, and con- 
verges when xi = yi =1 ; and, therefore, ao' + «i' + 02' + ••• converges. 
This shows that the absolute value of each a' is not larger than a certain 
finite quantity A, say. The substitution just made for x and y does not 
make any essential change in the problem, and hence it might have been 
assumed at first that the rt*s of (8) were each not greater than A. In 
what follows the a's are accordingly regarded as not greater than A. 



* If an initial condition be not made, then an infinite number of series 
can be found which will satisfy (3). 
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If (5) satisfies (3), the value of y and y' derived from (5), when sub- 
stituted in (3), must make the latter an identity; and, therefore, 

oi + 2 ajx + 3 osflc^ H 

= a© + fli* + OiicLiX + ojx^ + ...) + atx^ + a4x(aix + 02X* + — ) 

is an identical equation. Hence 

«! = Oo ; 2 aj = ai + ajai, whence a2 = ^^ + ^200 . Sat = a9 + a^at + ciao^u 

whence as = as 4- ~(ai + 0200) + 040© ; and similarly for 04, as, •••. It is 

evident that all the a^s can be determined as rational integral functions 
of the a*s ; and it is also to be noticed that all the numerical coefficients 
in the expressions for the a^s are positive ; and, therefore, the a*8 will 
not he diminished if each of the d*s is replaced by A. 

From the method of derivation it is evident that (5) with the a*s de- 
termined as above identically satisfies (3). It has still to be determined 
whether this series is convergent. 

On replacing each of the a^s in (3) by A, a quantity not less than any 
one of the d*a, there results 

The integral of this equation is found by replacing each of the a^a that 
occur in the expressions for the a^s of (5) by A. None of these latter 
coefficients are diminished by changing each of the a^s to ^, as pointed 
out above ; hence, if the integral of (6) is convergent, the integral of (3) 
is also. 

Now solve (6) directly. On factoring the second member, the equation 
becomes 

y' = A(l+x + x^+ "OCl + » + »»+ •••). 

= A-^ ?-. 

l-x l-y 

Therefore, (1 - y)dy = A -^ ; 

whence, on integration, y — ^y^ = — A log(l — x) + Ci. 

Therefore, y = l±[2A log(l - «) + c -f 1 ]*. 

Here c must be determined, so that the initial condition be satisfied, 
namely, that y = when jc = ; therefore 



= 1 ± Vc-f- 1. 
Hence the square root must have the minus sign, and c must be zero. 
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Therefore, 
y = l-[l+2^1og(l-x)]* = l-[l-2.4^x-fy + |4--)]* (7) 

The series x 4- — + — + ••• converges for |x|< 1 ; hence the square root 

ofl— 2u4(x-f — + ^+"-) converges for |x|< 1 ; and hence the value 

of y in (7) is finite ; and, therefore, the value of ?/ in (6) is finite for x 
within certain limits. 

Note A showed that an equation of order n can be replaced by a sys- 
tem of n simultaneous equations of the first order, each containing an 
unknown function to be found. In the case of the equation of order n, 
the proof of the existence of integrals is made for this equivalent sys- 
tem instead of for the single equation of the nth order ; the proof can 
be carried through in much the same way.* 

The method of proof given above is known as ** the Power-Series 
method." 

Historical Note.t — Augustin Louis Cauchy (1789-1867) of Paris, who 
was one of the leaders in insisting on rigorous demonstrations in mathe- 
matical analysis, gave the two first proofs of the existence theorem for 
ordinary differential equations. The first proof was given for real vari- 
ables in 1823 in his lectures at the Polytechnic School in Paris; the 
second was given in 1835 for complex variables in a lithographed memoir. 
He was also the first who proved the existence of integrals of a partial 
differential equation. The first of the two proofs was published in 
Moigno^s Calculus in 1844 ; this may be called *^ the method of difference 
equations"; it has been developed and simplified by Gilbert in France 
and Lipschitz in Germany. In his second method Cauchy employed 
what he called " the Calculus of limits." This method has been developed 
by Briot and Bouquet, and M^ray in France, and Weierstrass (1816-1897) 
in Germany. (The proof given above follows Weierstrass' exposition of 
Cauchy 's second proof.) A new proof, that by "the method of succes- 
sive approximations," was given by ifemile Picard of Paris in 1890.} 

*Leo Koenigsberger, Theorie der Differentialgleichungen (Leipzig, 
1889), p. 27. 

t For many historical notes and references relating to the existence 
theorem see Mansion, Theorie der partiellen Differentialgleichungen, 
pp. 26-29. 

} For an English translation of this proof made by Professor T. S. 
Fiske, see Bulletin N. F. Math. Soc, Vol. L (1891-1892), pp. 12-16. 
o 
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In the Trmted'AMaifMeoit.FUaad.t, IL, pp. 291-^18, wiU be found, 
besides the author's own proof jnst mentioned, Canchy's first and second 
proofo, the latter as modified hy Briot and Boaqnet; and Madame 
Kowalersky's proof* of the ezistenoe of integrals of a system of partial 
dilferential eqnations. (A knowledge of the theory of fonctions of a 
oomi^ex Tariable is neoeasazy for the reading of some of these proofs.) 



tNOTE C. 

[This Note is supplementary to Art 3.] 

The complete solution of a differential efoation of the «th order con- 
tains n aibitrary independent constants. 

Let y', y", ••• denote the first, second, •- derivatiyes of y wiUi respect 

to X, and y(0), y'(O), y"(0), ••• denote the values of y, y', y", ••• when 

x = 0. First, let an equation of the first order be considered; and 

suppose that the solution of 

ny', y, X) = 0, (1) 

when expanded in ascending powers of x is 

y = C + CiX + C^ + — . (2) 

Note B shows that the solution can be thus expressed. 

But y(x) = y(0) + y'(0) x + 1 y"(0)x« + • .. (Maclaurin's Theorem) ; (3) 

and therefore c = y(0), ci = y'(0), cj=— y"(0), .... 

Now c = y(0) cannot be expressed in terms of anything known or 
determinable. However, ci = y'(0) can be determined, for F(y', y, z) 
= holds true for all values of x, and hence for x = ; therefore 
^{y'(0), y(0), 0} = 0, that is F(eu c, 0) = 0. This determines Ci in terms 
of c. 

Equation (1) may be solved for y\ thus, 

y'=f(y,x); (4) 

then, on differentiation, 

* Crelle, Vol. 80. (Memoir dated 1874.) Madame Sophie de Kowa- 
levsky (1853-1891) was professor of higher mathematics at Stockholm 
(1884-1801), and received the Bordin prize of the French Academy 
in 1888. 

t For this Note, I am indebted to notes of lectures by Professor 
Hilbert at G5ttingen. 
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This determines c^ in terms of c and ci, and from this c^ can be found 
in terms of c alone. Another differentiation and the substitution of 
a; ssOin the result will give an equation by means of which y'"(0)^ and 
thua C8 also, can be expressed in terms of c ; and similarly for the con- 
stants C4, C5, •••. Therefore all the constants except c are determined; 
that Is, the differential equation of the first order has one arbitrary con- 
stant in its general solution. 

In the next place, let an equation of the second order be considered. 
Put the equation <p(y", y\ y, x) = into the form 

y"=f{y\y^^)\ (6) 

and suppose that the solution is 

y = C -f CiX + CjJC^ _|. .... 

Determination of the values of c, Ci, Ca, •••, as before, gives c = y(0), 
ci = y'(0), C2 = -y"(0), .... But, from the given equation, 

y"(0) = /{y'(0), y(0),0}; 

and this determines c^ in terms of c and c\. On differentiating (6) and 
putting X = 0, there is obtained 

""'(<> = \_%y" + %V' +£]„«= -^(''' "" '^)=-^(«' «i' i/Cei-cO)} ; 

and hence c, is found in terms of c and c^. By proceeding in this way, 
, the values of all the other coefficients can be obtained in terms of c and 
C\\ but it will not be possible to obtain any information about c and 
ci. The solution of (5) will therefore contain two arbitrary constants. 

The proof of the theorem for equations of higher orders is made in 
exactly the same way as has just been used in the case of equations of the 
first and second orders. 

NOTE D. 

[This Note is supplementary to Art. 4.] 

Criterion for the Independence of Constants of Integration. 

In Art. 4 an example has been given of an integral in which there are 
apparently two constants of integration, but in reality these two are 
equivalent to only one. The question thus arises, how is it to be deter- 
mined whether the constants of integration are really independent ? 
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In the case of a solution of an equation of the second order having the 
form y — <p{x, Ci, C2), the criterion that the constants Ci, c^ be indepen- 
dent, by which it is meant that this solution be not reducible to the form 
y = ^{x, /(ci, cj)}, in which there is really only one arbitrary constant 
/(ci, C3), is that the determinant 

d± d± 



dcidx dczdx 
be not equal to zero. 

For, suppose that <l>(x, Cu C2) can be put in the form ^{«, /(ci, cj)}. 

On forming and expanding the above determinant, there results 

dldJL: 3V df ay df drp df 
dfdci dxdfdCi dxdfdci df dci 

which is identically zero. 

* Conversely, if the determinant be identically zero, then 0(a;, ci, C2) 
must be of the form f {a:, /(ci, C2)} ; that is, 0(a;, Ci, c^) will not vary, no 
matter how cj and c^ are varied, so long as /(ri, C2) is assigned some 
particular constant value. 

On writing p, g, for ^, ^, the condition that the determinant be 

zero takes the form p?^— 0'-^ =0, whence on integration - = a con- 

^dx ^dx ^ q j 

stant; that is, - is independent of x, and hence can only involve ci | 

f) L ' 

and C3. Take - = 1^7-, where L, 3f, are functions of ci, C2. Hence 

M-^=L-^' Now differentiation of Mx^ Ci, C2) gives 

d<p = ^dx-{-^ dci+^dc2 = ^dx + (^Ldci + Mdc2) i-^. 
dx dci ac2 a» Ldci 

But Xdci + ilfc^ has an integrating factor /a, such that fiLdci + fiMdca 
is a complete differential of the form df(ci, C2). 

Therefore d<f> z= ^ da; + — - Hr. . d/(ci, Ca); hence 0(x, ci, C2) will not 

dx fiL dci ' ' 

vary, no matter how Ci, C2 are varied, provided only that they satisfy the 
condition /(ci, C2) = a constant. . 

Hence the necessary and sufficient condition that ci, cs be really inde- 
pendent in 0(x, ci, C2) is that the above determinant be not equal to zero. 1 

* This part of the proof is due to Professor McMahon of Cornell 
University. ^ 



MISCELLANEOUS NOTES. 



197 



More generally, the criterion that the n parameters cu C2, •••, Cn in 
f(z, Ci, cs, •••, Cn) be independent is that the determinant 



df 

dci 


ar . 
ac2 


dCn 


ay ay 

dcidxdc^dx 


dcndx 


dV 


!• 


. d'/ 



be not equal to zero. This follows from the theorem proved in Note F. 



NOTE E. 

[This Note is supplementary to Art. 12. ] 

* Proof that Pdx + Qdy is an exact differential when ^ = 4^- 

dy dx 

Let fpdx = r, then^=P;/K = ^ = 42; 

J dx dxdy dy dx 



therefore 



dx dx\dy I 



Hence Q = 2-1. 4- 0'(y), where 0'(y) is some function of y. Therefore 
dy 

Pdx 4- Qdy = ^ dx-{-^dy ^ it>'{v)dy 
dx dy 

= d\_V -{■ 0(y)], an exact differential. 



NOTE F. 

[This Note is supplementary to Art. 49.] 

On the criterion that n integrals y\^ y^^ -"tyn of the linear differential 
equation 

be linearly independent. 



(1) 



* I am indebted for this proof to Professor McMahon, of Cornell. 



198 



DIFFERENTIAL EQUATIONS. 



Before proceeding to establish the criterion, it may be remarked that 

if there be a linear relation 

aiyi + 02^2+ •••=0, (2) 

where ai, 02, ••• are constants, existing between all or any of the integrals 

yu Vii •••» Vm then the integral y = Ciyi + 02^2 H h c"y», in virtue of 

(2), may be written 

y = (c2- ci^\yi + (c9 - ci^\ys + - + (c„ - '^i^)^'*- 

This expression does not really contain more than n — 1 arbitrary con- 
stants, and therefore is not the general integral. 
Form the determinant 

yi ya —yn 
yi' yi' —yn 



where the elements of each row below the first are the derivatives of the 
corresponding elements in the row above them. This determinant is 
known as the functional determinant of yu ys* -**} ym smd will be denoted 
by B, The necessary and sufficient condition for the Unear indepen- 
dence of yi, ^2* ••*) yn is that B be not equal to zero. 

Suppose that this condition holds in the case of n — 1 functions, then 
it holds for n functions. 

If there be a relation such as (2) between the functions yi, y^y '", ^m 
then the elements of one of the columns of B are formed from several 
other columns by adding the same multiples of the corresponding elements 
of these other columns ; and, consequently, B will be identically equal to 
zero. 

Conversely, if 5 = 0, there will be a linear relation of the form (2) 
between the functions y, yi, •••, y„. Since iJ = 0, the determinant must 
be reducible to a form wherein all the elements of one column are zero ; 
that is, there must be certain multipliers Xi, X2, ••*, \ni such that 



XiVi 4- X2y2 + ••• + x«yn = 
Xil/i' + X2y2' + ••• + KyJ = 



(3) 



Xiyi(»-i) + X2yi(»-i) + ... + Xny„("-i) = 

Differentiation of each of these equations and subtraction of the one 
next following gives 
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M'yi + X2'y2 + ••• + K'yn = 



(«« / 



• • • • • • • 



if one of the determinants 



(4) 



vanishes, say the 



y\ y2 '"Vn 

Vl' Vi' "'Vn' 

j,l(«-2)y2(n-2)...y^(«-2) 

one fonned by omitting the rth column, then by hypothesis there is 
a relation 

ClVl + C2yi + ••• + Cr-lVr-l + Cr+lVr+l + ••• + C„2/„ = 0. 

But if no one of these determinants vanishes, then it follows from (4) 
and the first (n — 1) equations in (3) that 

Xl X2 Xn 

Suppose that each of these fractions is equal to p, say. It follows from 

integration that Xi = oie/^***, A2 = a2cJ^*", •••, X„ = anef^*'*, oi, a2, — , On 
being the constants of integration. On substituting these values in the 
first of equations (3) and dividing by the common factor e/^***, there 
appears the relation ... 1 «. a 

which is thus a consequence of R being equal to zero. Hence, if the 
criterion holds for n — 1 functions, it holds also for n. But it can be 
shown as in Note D that the criterion holds for 2 functions ; hence it 
holds for 3, hence for 4, and so on for any number. 

Therefore, the necessary and sufficient condition that y^ y^, •••, yn 
form a system of linearly independent integrals, or a fundamental system 
of integrals^ as it is sometimes called, is that the determinant B do not 
vanish identically. 

NOTE G. 

The relations between the coefficients of a linear differential equation 
and its integrals. 

Let yi, yzi •••, yn be n linearly independent functions of x. It is required 
to form the differential equation which has these functions for its inte- 
grals ; in other words, to form the equation which has 

y = Ciyi + 02^2 + ••• 4- Cnyn (1) 
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for its general solution. The differential equation is formed by elimi- 
nating ci, C2, ••*, Cn from the given integral by the method shown in Art. 3. 
By differentiating n times there is obtained the set of n + 1 equations, 

y = cm + CiPi + h CnVn 

y' = ciyi' -f ciyi' + ... -H CnyJ 



From this the eliminaiit of the c*s is found to be 



y yi 2/2 "-yn 
y' yi' y%' —yn 



= 0, (2) 



yin) y^in) y./n) .,. y^(n) 

the differential equation required. 

Now suppose that the differential equation having the integrals 2^1, 
yiy ***f yn is ii^ the form 

On denoting the minors of y, y', ..., y(") in (2) by F, Ti, •••, F«, respec- 
tively, (2) on expansion becomes 

r.^-r«-xf^'^+ -+(-1)^^ = 0. (4) 

Comparison of (3) and (4) shows that 

Pi = -^, p,=^»,...,p,=(-i)«X 

It will be observed that F„ is the determinant R of Note F. »In partic- 
ular, since differentiation will show that Fn-i = ^^, Pi = — L ^ ^j» ; 

. dx Yn dx 

and hence F« = e'i^i^. 



NOTE H. 

[This Note is supplementary to Art. 102.] 

On the criterion of integrability of Pdx + Qdy + Bdz = 0. 

It has been shown in Art. 102 that the necessary condition for the 
existence of an integral of 

•Pdx + Qdy + Bdz = (1) 



* This deduction is due to Joseph Liouville (1809-1882), professor at 
the Collie de France. 
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is that the coefficients P, Q, B, satisfy the relation 

\dz dy)^^[dx 3«r Us/ dx) 



(2) 



It will now be proved that this condition is also sufficient, by showing 
that an integral of (1) can be found when relation (2) holds. 

Substitution shows that, if relation (2) holds for the coefficients of 
(1) , a similar relation holds for the coefficients of 

fiPdx + fiQdy 4- fJ-Bdz = 0, (3) 

where fi is any function of x, y, z. If Fdx + Qdy is not an exact differ- 
ential with respect to x and y, an integrating factor fi can be found for it, 
and (3) can then be taken as the equation to be considered. Hence there 
is no loss of generality in regarding Pdx + Qdy as an exact differential. 
On assuming then that 

dy dx 



and that 



it follows that 



V = ^iPdx+ Qdy), 
p^dV 



dx 

dP^ a^F 
dz dzdx 



dy 

dz dzdy 



Hence, from (2), 



dxKdzdy dy) dy\dx dzdx) 



This may be written 



dV,d_ld_V___jA^dV^d_(dV_jA 
dx dy\ dz I dy dx\ dz J 



or 



3Z, ^^^-n 

dx dx\ dz 

dZ, A(dZ-R 
dy' dy\dz 



= 0. 



This equation shows that a relation independent of x and y exists 
between 

Fand^-TJ. 
dz 
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Therefore, —- — B can be e xpr eted as a function of z and V alone. 

Sappoee that dT . j? = ^(«, F). (4) 

dz 

Since Ptfx+^ + JM2=^<ir + ^df + ^d2 + fi?-4^)rfz. 

a* ay az \ o« / 

equation (1) may be written, on taking aocoont of (4), 

dr~^(z, F)<te = 0. 
This is an eqoation in two variables. Its int^^ation will lead to an 
equation of the fonn Ff F «) = 0. 

Hence (2)* is both the necessary and sofficient condition that (1) have 
an integral 

tKOTE I. 

Modem Theories of Differential Equations. Inyariants of Diiferential 

Equations. 

The two modem theories of differential equations are : 

(a) The theory based upon the theory of functions of a complex 
variable ; 

(&) The theory based upon Lie*s theory of transformation groups. 

The study of differential equations, until about forty years ago, was 
restricted to the derivation of rules and methods for obtaining solu- 
tions of the equation and expressing these solutions in terms of known 
functions. Even at the beginning of the present century, J however, 



* Of course this criterion is included in the criterion for the general 
case of p variables, the deduction and proof of which is to be found in 
Forsyth, Theory of Differential Equations^ Part L, pp. 4-12. (See foot- 
note, p. 138.) See Serret, Calctd Integral (edition 1886), Arts. 786-786. 

t Two historical articles that the student would do well to consult are : 
T. Craig, ** Some of the developments in the theory of ordinary differ- 
ential equations between 1878 and 1893," Bulletin of N. Y. Math. Soc.y 
Vol. II. (1892-1893), pp. 119-134; D. E. Smith, "History of Modem 
Mathematics" (Merriman and Woodward, Higher Mathematics, Chap. 
XL), Art. 11. Also see F. Cajori, History of Mathematics, pp. 341-347. 

X " Gauss in 1799 showed that the differential equation meets its 
limitations very soon, unless complex numbers are introduced." 
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mathematicians saw that any marked advance in this direction was im- 
possible without the aid of new conceptions and new methods. But it 
was not until a comparatively recent date, that wider regions were dis- 
covered and began to be explored. 

" A new era began with the foundation of what is now called function- 
theory by Cauchy, Riemann, and Weierstrass. The study and classifica- 
tion of functions according to their essential properties, as distinguished 
from the accidents of their analytical forms, soon led to a complete 
revolution in the theory of differential equations It became evident 
that the real question raised by a differential equation is not whether a 
solution, assumed to exist, can be expressed by means of known func- 
tions, or integrals of known functions, but in the first place whether a 
given differential equation does really suffice for the definition of a func- 
tion of the independent variable (or variables), and, if so, what are the 
characteristic properties of the function thus defined. Few things in the 
history of mathematics are more remarkable than the developments to 
which this change of view has given rise." * 

The leading events in the early history of this new theory are : the 
publication of the memoir on the properties of functions defined by dif- 
ferential equations, by Briot and Bouquet in the Journal de Vl^cole 
Polytechnique (Cahier 36) in 1866; the paper on the differential equation 
which satisfies the Gaussian series, by Eiemann at Gdttingen in 1857 ; 
and, perhaps, most important of all, the appearance of the memoirs of 
Fuchs on the theory of linear differential equations with variable coeffi- 
cients, in Crelle'8 Journal (Vols. 66, 68) in 1866 and 1868. t 

The only work in English which employs the function-theory method 
in discussing differential equations is that of Professor Craig, t 

A knowledge of the theory of substitutions, as well as of function- 
theory, is required for reading some of the modern articles on differential 
equations. 



* See G. B. Mathews, a review in Nature^ Vol. LII. (1895), p. 313. 

t Albert Briot (1817-1882); Jean Claude Bouquet (1819-1885); Georg 
Friedrich Bernhard Riemann (1826-1866), the founder of a general 
theory of functions of a complex variable, and the inventor of the sur- 
faces, known as ** Riemann's surfaces"; Lazarus Fuchs (bom 1835), 
professor at Berlin. 

X T. Craig, Treatise on Linear Differential Equations (Vol. I., published 
in 1889). See Note J for the names of other works on the modem 
theories. 
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Professor Lie * of Leipzig has discovered, and since 1873 has developed, 
the theory of transformation groups. This theory bears a close analogy 
to Galois* theory of substitution groups which play so large a part in the 
treatment of algebraic equations. By means of Lie's theory it can be 
at once discovered whether or not a differential equation can be solved by 
quadratures.! An elementary work by Professor J. M. Page on differ- 
ential equations treated from the standpoint of Lie's theory has been 
published. X 

The theory of invariants of linear differential equations is one of the 
later developments in the study of differential equations. WhUe it plays 
a very important part in both of the modern theories referred to above, 
yet, to some extent, it can be studied without a knowledge of these 
theories. § It has been found that differential equations, like algebraic 
equations, have invariants. An invariant of a linear differential equation 
is a function of its coefficients and their derivatives, such that, when the 
dependent variable undergoes any linear transformation, and the in- 
dependent variable any transformation whatsoever, this function is equal 
to the same function of the coefficients of the new equation multipled by 
a certain power of the derivative of the new independent variable with 
respect to the old. 

The introduction of invariants into the study of differential equations 
is due to E. Laguerre of Paris. || Those who have made the most im- 

 Sophus Lie was born in Norway and educated in Christiania. He has 
been Professor of Geometry at Leipzig since 1886. He has expounded 
his theory in the following works : Theorie der Transfomiationgruppen, 
Vols. L, II., III. (1888-1893) ; Vorlesungen iiber continuierliche Ghruppen 
(1893). See p. 207 for his work on Differential Equations. 

t For an elementary introduction to Lie's theory of transformation 
groups, and its application to differential equations, see articles by 
J. M. Page: ** Transformation Groups," Annals of Mathematics, Vol. 
VIIL, No. 4 (1894), pp. 117-133; ** Transformation groups applied to 
ordinary differential equations," Annals of Mathematics, Vol. IX., No. 3 
(1896), pp. 69-69. Also see J. M. Brooks, "Lie's Continuous Groups," 
a review in Bull, Amer. Math. Soc, 2d Series, Vol. I., p. 241. 

t By The Macmillan Co. 

§ See Craig, Linear Differential Equations, pp. 19-22, 463-471 ; and 
the memoir of Forsyth referred to below. 

II In his memoirs: "On linear differential equations of the third 
order," Comptes Bendus, Vol. 88 (1879), pp. 116-119 ; "On some invari- 
ants of linear differential equations," Ibid., pp. 224-227. 
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portant investigations on these invariants are Halphen and Professor 
Forsyth. Their memoirs* are among the principal sources of infor- 
mation on the subject. 

NOTE J. 
Works on Differential Bquations. 

A brief list of books on differential equations may be interesting and 
useful to those who intend to continue the study of the subject. For 
convenience these books are divided into three groups. The first two 
groups consist of works which have been written from the older point of 
view ; the third contains works in which any of the modem theories of 
functions, substitutions, transformations, invariants, etc., are more or 
less discussed. The first group is made up of the smaller and more ele- 
mentary works ; the second includes the larger and more advanced. 

I. 

Osborne : Examples of Differential Equations with Rules for their Solu- 
tions, vii + 50 pp. Boston, 1886. 

Byerly : Key to the Solution of Differential Equations, being pp. 290- 
339 of his Integral Calculus, edition of 1889. Boston. 

Edwards : Elementary Differential Equations, being Chaps. XIII.-XVII., 
pp. 211-277 of his Integral Calculus for Beginners. London, 1894. 

Johnson : Differential Equations, being Chap. VII., pp. 303-373, of 
Merriman and Woodward, Higher Mathematics, New York, 
1896. 

Stegemann : Integralrechnung (edited by Kiepert), Chaps. XIII.-XV., 
pp. 407-563, 6th Aufi. Hannover, 1896. 1st Aufl., 1863. 

Airy : Partial Differential Equations, viii + 58 pp. London, 1866. 

IL 

De Morgan : Differential and Integral Calculus, Chap. XI., pp. 183-215 ; 
Chap. XXI., pp. 681-736. London, 1842. 

* G. H. Halphen (1844-1889) of the Polytechnic School in Paris. 
** M^moi're sur la reduction des ^nations diff^rentielles lineaires aux 
formes int^grables," Memoires des Savants Strangers, Vol. 28 (1884), 
pp. 1-301. Chap. III., pp. 114-176, in this memoir treats of invariants. 

A. R. Forsyth, ** Invariants, Covariants, and Quotient-Derivatives asso- 
ciated with linear differential equations," Fhil. Trans. Boy. /Soc, Vol. 179 
(1888), A, pp. 377-489. 
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Price : Infinitesimal Calculus, Vol. II., pp. 513-707. London, 1865. 
Hymers : A Treatise on Differential Equations, viii + 180 pp. 2d edi- 
tion. London, 1858. 
Boole : A Treatise on Differential Equations, xv + 496 pp. London, 

1859. The same, new edition with supplementary volume, xi + 

235 pp., by I. Todhunter, 1865. 
Forsyth : A Treatise on Differential Equations, xvi + 424 pp. London, 

1885. 
Johnson: A Treatise on Ordinary and Partial Differential Equations, 

xii + 368 pp. New York, 1889. 
MoiGNO : Calcul Integral, pp. 333-783. Paris, 1844. 
DuHAMEL : Calcul Infinitesimal, t. II., pp. 122-490. 2d edition. Paris, 

1861. 
Serret : Calcul Integral, pp. 343-676. 1st edition. Paris, 1868. 
HoiJEL: Calcul Infinit^imal, t. XL (1879), pp. 287-472; t. IIL (1880), 

pp. 1-237. Paris. 
Laurent: Traits d' Analyse, t. V., pp. 1-320; t. VI., pp. 1-223. Paris, 

1890. 
Boussinesq: Cours d' Analyse Infinit^iraal, t. II., 1, pp. 177-229 ; t. II., 

2, pp. 1-7, 229-535. Paris, 1890. 
Du Bois-Reymond : Beitrage zur Interpretation der partiellen Differ- 

entialgleichungen mit drei Variabeln. Heft I. Die Theorie der 

Characteristiken, xviii + 255 pp. Leipzig, 1864. 
Riemann : Partielle Differentialgleichungen und deren Anwendung auf 

physikalische Fragen (edited by Hattendorff, 3d edition, xiv + 

325 pp.). Braunschweig, 1882. 

III. 

Forsyth : Theory of Differential Equations, Part I. Exact Equations 
and Pfaff's Problem, xiii + 340 pp. Cambridge, 1890. 

Demartres: Cours d' Analyse, t. IIL, pp. 1-134 (in 4° lith.). Equa- 
tions differentielles et aux differences partielles. Paris, 1896. 

Koenigsberger : Lehrbuch der Theorie der Differentialgleichungen mit 
einer unabhangigen Variabeln, xv + 485 pp. Leipzig, 1889. 

Jordan: Cours d' Analyse, t. VII., pp. 1-458. 1st edition 1887, 2d edi- 
tion 1896. Paris. 

Picard: Traite d' Analyse, t. II. (1893), pp. 291-347; t III. (1896), 
xiv 4- 568 pp. Paris. 

PAiNLEvfe: Lemons sur la Theorie Analytique des ^fequations Differ- 
entielles, 19 + 6 + 589 pp. (Lith.). Paris, 1897. 
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LiE-ScHEFF£Rs : Vorlesungcn (iber DiSerentialgleichungen mit bekannten 

infinitesiualen Transformationen, xiv + 668 pp. Leipzig, 1891. 
Page : Ordinary Differential Equations, an elementary text-book with 

an introduction to Lie's Theory of the Group of one Parameter, 

xviii + 226 pp. London and New York, 1897. 
GrOURSAT : Le9ons sur ^integration des Equations aux d^riy^s partielles 

du premier ordre, 354 pp. Paris, 1891. 
GouRSAT : Lemons sur ^integration des Equations aux ddriv^es partielles 

du second ordre, t. I., viii4-226pp., Paris, 1896; t. II. (en cours 

dMmpression), 1897. 
PocKELs : Ueber die partielle Differentialgleichung Aw -\- Khi = und 

deren auftreten in der mathematischen Physik, xii + 339 pp. Leip- 
zig, 1891. 
Mansion-Maser : Theorie der partiellen DiSerentialgleichungen erster 

Ordnung, xxi + 489 pp. Berlin, 1892. 
FoiNCARE : Sur les Equations de la physique math^matique, 100 pp. 

Paris, 1894. 
Fainley^: Lemons sur Pint^gration des ^nations diff^rentielles de la 

m^canique et applications, 4to. (Lith.) 295 pp. Paris, 1895. 
Craig : Treatise on Linear Differential Equations, Vol. I., ix + 516 pp. 

New York, 1889. 
* Heffter : Einleitung in die Theorie der linearen Differentialgleichungen 

mit einer unabhangigen Variabeln, xiv + 258 pp. I^ipzig, 1894. 
Klein: Vorlesungen Uber die hypergeometrische Function, 571 pp. 

(Lith.) GSttingen, 1894. 
Klein: Vorlesungen Uber lineare Differentialgleichungen der zweiten 

Ordnung, 524 pp. (Lith. ) Gottingen, 1894. 
t ScHLBSiNGER : Haudbuch der Theorie der linearen Differentialgleichun- 
gen, Bd. I., XX + 486 pp. Leipzig, 1895. Bd. II., Th. 1, xviii + 

532 pp. 1897. 



* See review by M. B6cher, Bull. Amer. Math. Soc, 2d series. 
Vol. III., p. 86. 

t See review of Vol. I. by G. B. Mathews, Nature, Vol. LIL, p. 313; 
and review by Bocher, Bull. Amer. Math, Soc, 2d series, Vol. III., 
p. 146. 
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NOTE K. 

[This Note is supplementary to Art. 63.] 

The Symbol D. 

Let Z> be a symbol which represents differentiation, with respect to 
X say, on the function immediately following it. In other words, let 

2>m = A(m), or Du=~' (1) 

dz dx 



Then D(Du) = ±l^\ = ^^, 

^ ' dx\dx) dx'^ 



(2) 



It is evident from definition (1) and the results (2), (3), that the result 
of the operation symbolized by D taken n times in succession will be 
d^u 

Also, let the operations which consist of the operation D repeated two, 

three, •••, n times in succession be denoted by Z)'^, 2>^, •••, D". It should 

d'^u 
be noted that, according to this definition, D"u represents — — and not 

— ] . From this definition of />" it follows that the operational symbol 
dxj 

D is subject to the fundamental laws of algebra. For, 

dxr dx^ dx» dx*" 

dx^\dx''l dx^-^^ dx*\dxr/ 
/>• • Z>"« = Z)"+''tt ; 

Z)-»(u + r) = — (w + «) = — + — = D-M + 2>-^. 
doc* dx"* dx** 

Since D represents an operation, it can only appear with integral 
exponents. Negative exponents will now be considered. 

Suppose that Du = v, (4) 

and let u be indicated by « = D-h>. (6) 

It is necessary to give a meaning to 2>-\ and this meaning must not 
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be inconsistent with the definition of D. On operating on each member 
of (6) with D, 

whence by (4), 2> . D-hj = v. 

Therefore D-^ represents such an operation on any function that, if 
the operation represented by D be subsequently performed, the function 
is left unaltered. Hence the operation represented by D~^ is equivalent 
to an integration. It follows that the operation indicated by i)-" is 
equivalent to n successive integrations. The proof that the symbol D 
with negative exponents is subject to the laws of algebra, is similar to 
that used for D with positive exponents. 

It has been seen that D • D~h) = v. 
But Z>-i 'Dv = v-\-Cj 

in which c is an arbitrary constant of integration. Therefore, in order 
that 

2)111 . 2>-n^ = J)-n , jym^^ 

it is necessary to omit the arbitrary constant that arises when the opera- 
tion indicated by 2>^^ is performed. 

NOTE L. • 

[This Note is supplementary to Art. 82.] 

Integration in series. 

The law for the exponents will be apparent on substituting x"» for y 
in the first member of the given equation. Suppose that the expression 
obtained by this substitution is 

/i(w)ac«'4-/2(w)x«". (3) 

In general (3) will contain more than two terms ; in the case of the 
equations in Art. QQ it contains only one term. Under the supposition 
just made, the successive differences of the exponents of x in the series 
sought must evidently be m" — m'. This common difference will be 
denoted by s. Solution (2) may now be written 



or simply y = 2 -4rX'"+''*. 

r=0 
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Substitution of tliis series for y in (1) will give, in virtue of (3), 

+ Aifi(m + 8) »?•'+• + Aifi(m + «)«"'"^'' 
+ ••• 

+ Ar-lfl [W + (r - 1) «] iX^'+ir-l)» 

+ Ar-\f2 [w + (r - 1) s] a?"'+« 

+ Arf2ifn + r«)a;'"'-»-(*^i)« 
+ ••• 



= 0. 



(5) 



Since equation (6) must be an identity, the coefficients of each power 
of X therein must be equal to zero ; hence 



and 



/i(m) = 
Arfi(m + rs) + Ar-if2 lm-\-ir- 1)«] = 0. 



(7) 



The roots of (6) give the initial exponents of series that will satisfy 
(1) ; and equation (7) shows that 

/i(m + r«) 

which is the relation between successive coefficients. The difference 
between the exponents in (3) might have been taken, m' — m" or — s; 
in this case, the resulting series would have had their powers in .reverse 
order to those of (4) ; and the initial terms would have been found by 
solving /2(m)=0. 

In determining the initial power of as for an equation of the nth order, 
that coefficient in (3) whi^h is of the nth degree in m must be put equal 
to zero, since there must be n independent series in the general solution. 
If both fi(m) and /2(w») are of the nth degree, two sets of series can be 
derived, one in ascending powers and the other in descending powers of x. 

If the expression (3) have another term /8(m)x'*"', the terms of the 
series can be successively deduced, but the process will be much more 
tedious. This method can also be employed in the case of non-linear 
equations, but more than a very few terms can be calculated only with 
difficulty. The equations previously considered can of course be inte- 
grated in series ; Ex. 3, Art. 82, illustrates this. 
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CHAPTER I. 



(p stands for ^A 
\ dx J 



Art. 3. 



2. (a;2 - 2 y2)p3 - 4pxy - a;2 = 0. 3. (1 +i)2)» = r^/^V. 



4. 



'=^g-(l)'-''l=»- 



Page 11. 

1. — ^— = — gy— . 8. x^+2^-xy = 0. 

Vl - a;2 VI -y2 da;2 cto 

3. ^ = 7^-6y. 10. 2af| + (f^V=0. 

4. 12i)2y=(8p8-27)a;. ^l- V^ = ^px>y ■\-x^. 
6. 2/=l)X+i)-i)8. 12. ^ = 0. 



6. 8ap8 = 27y. 

7. 1)2(1 _a;2)+l _o. 



(tos 



"•^^g^Kir^"!- 



14. a;2^ + 2y = 2x^. 



CHAPTER 11. 



Art. 8. 

2. yy/\ - x* 4- « VI - y2 = c. 3. y = c(a + «)(!- ay). 

4. tany = c(l — e*)^ 
p 211 
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Art. 9. 

(1- V3)a; + 2y 
Art. 10. 

1. (y-x + iy(y + x-iy = c. j_ 

^2y-(6- V21)a;+2(2-V2l) ^ 

Art. 13. 

y^ 
8. aSa; _ _ _ ajy2 _ x,2y = c. 4. ax2 + bxy + cy2 + ^x + ey = A;. 

6. x^y^ + 4 a;8y - 4 xys + 2/^ - xe»' + e2*y + x* = c. 

Art. 16. 

3. 2alogx + alog2/-y = c. 4. x^e" -^ my^ = cx^. 6. x2 + - = c. 



Art. 17. 

^ + l^g|2 = c- 3. 21ogx-logy=l 



Art. 18. 

1. 6'(a;2 + y2)=c. 2. x2 _ ^2 _ ex. 8. (x^^ -\- x^ = cy. 

Art. 19. 

2. 6X Oylt _ 12x T3y-T5 = r. 8. 6VX2/-X~22/^ = G. 

Art. 20. 

2. y=(x-\-c)e-'. 8. y = tanx - 1 + ce-*"*. 4. y = (e« + c)(x+ 1)«. 

6. 3(x2 + l)y = 4x8 + c. 

Art. 21. 

8. 7 y-y = cxt - 3 x8. 4. yi = c(l - x^) J _ Ln^. 

6. y' = ax 4- cxVl -x^. 
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Page 29. 

1. ^^^Ll = tQ,nl±£. 4- tana;tany = A. 

a a 

y *^y 

1 
6. y = x2(l + ce*). 

8. a;2 _ ajy ^ y2 ^ jg _ y _ c. 



8- y = ? 



2^ c««y 



9. y = ce v^i-*« -f 



o; 



\/l-x2 

z 

10. cac = 6^. 

11. X* - 2/* + 2a;V - 2 a2a;2 _ 2 62y2 _ c. 

12. y(a;2 + i)2 = tan-ia; + c. ^ „ 

- 16. log Vx2 + y2 _ ^ tan-i" = c. 

13. log cy=^^. « 

^ 17. r = ce"^. 

14. y = ax + cxv 1 — x2. 

X 

16. x2 - y2 _ 1 _ f.^ 13 X + 2/e* = c. 

o 

19. y «+i = cc(«-') ""* + 2 sin X + 



w-1 

20. (x + l)ei' = 2x-l-c 3-8 ,Q 

^ ^ 28. y + 2y8 + |^-^x22/2 = c. 

1 « o 2 

21. -L = a;2 + 1 + C6**. 

y^ 24. y4+2o2y2^.a;*-2a2a;2^.2xy=c. 

22. ??! = ?!!+ e. 26. ' = 2-t/^ + crK 

?i + 2 X X 

26. y^ = ax^ + c^. 

27. (x + Va2 + x2)y = a2 log(x + Va2 + x2) + c. 

28. log Vx2 + w2 _^ tan-1 ^ = c. 

X 

29. (4 62 + i)y2 _ 2 a(sin x + 2 6 cos x) + ce'^'. 
80. x2 4- y2 = cy. 

81. 3y2_2x2i = cx2. ^^- ^^^^ ^ ^^ = rffti' 

88. 9 log(3 y + 2 X + ^f ) = 14(3 y - I X + c). 
84. x^'-2xy\ogcy = l. 
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85. 4 a:2y = 5 + c»ty¥. W- x^ = ax -{- c. 

86. cy = e*. 2 x — y — a 

CHAPTER III. 

Art. 22. 

8. y = c, X + y = c, xy + x2 -h y2 = c. 6. x* 4- 2^^ = c, x^ + y^ = c. 
4. 343(y 4- c)» = 27 ox^ 6. y = 4x + c, y = 3x + c. 

Art. 24. 

2. x+c= -{log (1 +l)2)'i (p- 1) -tan-^i)}, with the given relation. 

3. log ( p — x) = — — -f c, with the given relation. 

p — x 

4. 2y = cx2 + ^. 

c 

Art. 25. 

1. y = c-[i)2 4.2p + 21og(p-l)], x = c-[2p + 21og(p-l)]. 

3. y = c — a log (p — 1), X = c + a log ^ » 
8. y2 = 2 ex + c«. 

Art. 26. 

1. X = 10gp2 _|. 6|) + c. 

. y — c = Vx — x'-^ — tan-1 a/ ~ ^ » 



2 



8. 2y + c = a[pVl+i)2-log(p + \/H-p2)], x = a VT+j^. 
4. X + c = alog(p 4- vT+p^), y = aVTT?. 



Art. 27. 



1. y2 + cyx^*-* = c^x^* ^ 8. y» = 2cx+ca. 

Art. 28. 
8. y = cx-\- sin-i c. 4. e^ = ce^ + c^, 5. y^ = cx^ + 1 + c 

Page 38. 

1. sin-i - = log ex. 2. y = e(x — 6) + — 

X c 
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3. (a;2_y2^c)(x2-y2 4.ca;4) = 0. 6. (y - 6x + c)(y - 3x+ c) = 0. 

4. xy = c-^ c^x. 6. ac2 + c(2a; - 6) - y2 _ q. 

7. ^ -I- c = r <t>Wdr — where ^ = tan-i?^, and r2 = x2 + w2. 
JrVr2-02(,a)' x' * 



8. tan-i - + c = vers-12 a Vx* + w^. 



n ? + c = 
9. 1111-1?? + sin-i- = c. 

X X 

10. a;2 + y2 - 4c« + 3c2 = 0. (Put a;2 _ 3^2 _ ^2.) 

11. a;2 + y2 + 2c(x + y)+c2 = 0. 

12. y + Vy2^^2 = cx ^». ^ ^c+1 

18. ^•-6=(a; + c)2. 16. y(l ±cosa;)= c. 

16. f y — sin-i — ^]\y^ ^^®'^ — c jfyi — xi — c) = 0. 

n. (y + c)2 + (« - a)2 = 1. 19. (2/-ca;2)(y2^.3a;2_c) = 0. 

18. y = 2cVx+/(c2). 20. 2( = c(a;-c)2. 

' 21. (x?-3y + c)(e2 4-cy)(«yH-cy + l) = 0. 
22. aac + c = ||)2 — wip + w^ log (p + m), with the given relation. 
28. il» = ce' + c^. 25. (a; + c)2 + (y - 6)2 = 1. 

94. log y =c4-!/. 26. y = ca;+— . 

X + Va;2 _ y2 c 

27. y2 = ca;+Jc8. 

CHAPTER IV. 

Art. 33. 

2. y = cic + <s2, a;a + 4y = 0. 4. a;2(y2 _ 4 j^s) - 0. 

8. (lf + «-c)2 = 4icy, xy = 0. 5. (x-2/+c)8=:a(a;+y)2, aj+y=0. 

Page 49. 

. 1. 2y = cx2 + « y2 = aa.2. 

2. 0*a; + cxy + c2 = 0, singular solution is x{xy'^ — 4 a*) = 0. x = 
is also a tac-locus. 

8. (y - CX)2 = W2 + C2, y2 _|. ^2a;2 = ^2. 
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5. ^ = ex — c2, x2 = 4 y. 

6. y* = 4a(x — 6); l + 4x2y = o, x = is a tac-locus; 27y = 4x»; 

7. (y + c)2 = x^ ; X = is a cusp locus ; there is no singular solution. 

8. (y + c)2 = x(x — l)(x — 2) ; singular solutions are x = 0, x = 1, 

X = 2 ; X = 1 ± — are tac-loci. The curve when c = consists 

y/S 
of an oval cutting the axis of x at the origin and at x = 1, and a 

curve resembling a parabola in shape, having its vertex at the 

point for which x = 2. 

9. x{x8 - c(y + c)2} = ; singular solution is42;8^27x8 = 0; x = is 

a part of the general solution, and is the cusp locus for one part 
of the general solution and the envelope locus for the other part. 

10. 2/ = ex + Va^c^ + 6^ b^x^ + a V = a^&^- 

11. x« + y2_c(x2-y2)- l+c2 = 0; thatis, -^ + r^=l- Singu- 

1 + c 1 — c 

lar solution is x*-2x22^ + y*-4x2-4y2 4.4=0; that is, 
(x + y + V2)(x + y -V2)(x - y -\- \/2)(x - y - V2)= 0. The 
general solution is the system of conies touching these four lines. 

CHAPTER V. 

Art. 43. 

8. Vny = X + c. 4. y = Vax - x^ + ^ vers-^ — • 

2 a 

5. y _ c __ ^ cos ; when c = k, the cardioid r = k(1 — cos $). 

e 

6. cr = e«. 

Art. 47. 

8. The ellipses 2 x2 + y2 = c^ 4. yi _ x's = c^. 

2 c 

6. The con focal and coaxal parabolas r = 

1 - cos tf 

25 

6. sec5^ + tan5d = ce''. 7. r = ce-*<^o*^ r = Vx2 + y^, <pz= tan-i -• 

Art. 48. 

2. s = J a«2 + vo« + So. 3. s = l gt\ 

Page 60. 

1. y = e€««. 2. xt + 2/t = a^. 8. 32/2 = 2jc(x8 + c). 
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4. 8 = K sill </>, the intrinsic equation of a cycloid referred to its vertex, 

the radius of the generating circle being ^ k. 

5. The lines r sin (^ + o) = -, and their envelope the circle r = — 

K K 

6. The parallel lines (m sin a — n cos o)x — (m cos o + n sin a)y = c. 

8. The system of circles passing through the given point and having 

their centres in th« given line. 

9. a:2-f y2 = 2aMogxH- c. 10. x^-y^ = c^. 

11. 7^ = 0" sin nS; r^ = c^ sin 2 d, a series of lemniscates having their axis 

at an angle of 45^ to that of the given system. 

12. r^ — K^ = cr cosec 0. 13. r = e^"^-^' 
14. Parabola (y - a;)^ - 2 a(y + «) + a^ = 0. 

16. x^-\'y'^ = a^, 16. x2 + y2 = 2cx. 

17. log ^ (y + Vj^^^":^) = ^^ (y + Vi^^r^2). 

?! 

18. xV* = c. 

19. r~ = c sin n^ ; r = c sin <? ; r = c(l — cos 0) . 



90. r = c(l - 008^). 5^I=«2^ 

,/:: 1 ^/z 22. re * = c. 

21. (y-x/' = c ^+ A 

^-^ 23. r = — ^( ^-^') . 

24. r = c(l + cos 0). 1-6 sin (^ + c) 

27. The ellipses that have the fixed points for foci. 

28. The ellipses that have the fixed points for foci. 

29. The ellipse k^^ + a^^ = a^K^, 30. The hyperbola 2 xy = a^. 
81. The parabola a^'^ = k^(2 ay + k^). 

32. The catenary y = a cosh -- (See Johnson, Diff. Eq.^ Art. 70.) 

a 

33. 4oy + c = 2axV4a2x2- 1 - log (2 ax + V4 a-^x- - l). 

34. (a) i = C6 ^' H- y « ^' j e^* f{t)dt. 

(6) i = C6 ^ . If I = /when «= 0, i = /e ^' . 

(c) I = ce ^' + -. If t = when « = 0, i = ^(l - e"^' ). 
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t t 



(d) i = ce ^ + ^> ^ (Bmiut — L<a cos <at). 

R 

(e) i = ce ^ H — ; — i— — (^ sin wt — L(a cos ««) 

+ -^r-r^ir-sl^ 8i^ (^«* H- (?) - i6« cos (6«« + ^)}. 

t_ 

86. (a) i = — rfe*^/'(0(«« + ci?l. 

t_ 

(6) i = Ce *^. (c) i = c«~*^. 

(d) i = ce *^+ ^^ — (cos«( + -BC«sinwO. 

_ t 
nc /• -L — - 

86. (a) g = -^ j e'^'^mdt + C6 ^^. 

_ t 

(P) Q= Q^ *^» where Q is the charge at time t = 0. 

t_ 

(c) q= CE+ce *^. 

— /-v 

(d) g = cc ^'^ + — (sin u)t + BCut cos ut), 

1 + B^C^w^ 



KVo 



CHAPTER VI. 



Art. 50. 

Art. 51. 

1. 2/ = 62»(ci + cax) + cse-*. 2. y= e-«(ci + C2X + C8aj2) + C4€**. 

Art. 52. 

8. y = e*(ci + C2a;)sin x + e*(c8 + 040;) cos x. 

Art. 58. 

o 

2. y = ci6* + C2e-*-2 -5a;. 8. y = e-*(ci + Caa;) + ^e*«. 
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Art. 60. 

8. y = e'i'lci cos^ x + d sin^x J + 6*(c8 + }x) + ^e^* - 1. 

4. y = e*(ax + 6) + f e^'. 

Art. 61. 

8. y = Cic-2» + e* (C2 cos \/3 x + Ca sin V3x) + J(x* - x + 1). 

Art. 62. 

8. y = Ci62» + c«e-5«*-,fiySinJx. 

4. y = ce"* + c2(ciC08 — x+ C2Sin— x) 

. sin 3 X + 27 COS 3 X 1 . sin x — cos x 
730 2 4 * 

Art. 63. 

2. y = cie-* + C2e-2» + i_(iisinx-7cosx). 

170 

8. y = ccos(v^x + a) + ^fll«*-12x + — Wi!(4sin2x-cos2x). 

121 V 11/17 '^ 

Art. 64. 

2. y = Ci(cos2x + a)-f Jxsinx — f cosx. 
8. y = Cie* + C26-* + a sin X + i cos x(l — x^). 

Page 80. 

1. y = (cie* + C26"*) cos X + (cs6* + C4e-*) sin x. 

2. y = ciC"* cos (x + a) + C2e8* cos (2 x + jS) + Cge"**. 

8. y=ci + e-»'(c2 + cax) + |--^+4x4-~ 

o J 18 

4. y = ci cos 2 X + C2 sin 2 X + |(€* — sin 3 x) + ^ (2 x^ — 1). 

ptnx 

6. y = ci€2« + C2e8« + i^(6x + 6)+— — ^^ — . 

6. y = cie«' + C2€-«» + — ^ — ; + f— 
*t, y = ci«-2x _^ c^gte + csC' + |(x + }). 
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i 



8. 1/ = ci + C2X + e ^(ci sin^a; + «4 cos^x J + 3 fex^ - Jax» 

9. y = ci6» + C2€8« + C8e-*« + A (X + ii). 
10. y = csin(wx + o)(aa; + 6)+ ^*^®^^ 



(»2_m2)2 



11. y = C8in(x + a)(ax + 6) + ^^^^ + ?^^-^cosx. 



-« / . \ , X sin ax , cos ax log cos ax 
12. y = ci cos (ox + o) H 1 f 

16. y = Ci€«' + C2e-<»' + c\sin (ax + o) — a-*x* — 24 a-^. 

16. .V = ci H- C2X + e'(c8 + C4X) + x2 + J x8. 

lY. y = cie* + cae-* + cg sin (x + o) - J e* cos x. 

18. y = i^fci cos— X + C2 sin^x^ - t3j(2 cos2 x + 3 sin 2 x). 

19. y = Cie-' + r2€-2« + C3e3'-^^xH-i|y ' 

20. y = ce«sin(\/3x + a)+ i€*cosx. 

21. y = e-'(ci + C2X + C8x2) + Jx^c-*. 

22. y = e^(ci H- C2X) + e-»(C8 4- C4X) + J e«(x2 + 2 x + }). 

23. 2/ = 6*(ci 4- C2X H- r8x2 + Jx^ + ^x*). 

24. j/ = ci6* + C2€-'— J(a;sinx + cosx)4- T^xe*(2x2 — 3x + 9). 

26. y = Ci€^ + c^e" — ^(2 sin 3 x + cos 3 x) — |- (sin 2 x + cos 2 x). 

o 

26. y = €*(ci + C2 cos X + C8 sin x) + X6* + i^(cos x + 3 sin x). 

27. y = Cie^ + C2e*' + x-\-^. 

28. y = c*«(ci 4- C2X) + cse-' + J e^*. 

2/ \/3 . \/3 \ 

29. y = Ci€-» + € ( C2 cos — X + C8 sin-— x J. 

X 

+ -^(3sinx-llcosx)-Jx6Ysin^ + >/3cos^Y ^ 

^130 ^ ® V 2 2 y 

I 
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I 



CHAPTER VII. 
Art. 65. 



2. y = c«ico8( — loga; + aj + 



x-' 



Art. 66. 

3. y = (Cj + C2 log a;) sin log a; + (cs + c^ log x)cos log as. 

Art. 69. 

2. ?/ = x-2(ci + C2loga;) + ^. 8. y=cix-5+c2X*-^^ + ^ + ^y 

Art. 71. 

1. y = (5 + 2 xy [ci(6 + 2 a;)^+ 02(6 + 2 a;)-^^J. 

2. y=(2a;-l)[ci + C2(2x-l)'2 + cs(2x-l) 2 ]. 

Page 91. 

1. 2^ = Cix2-|.x2(^C2X 2 -i-csx 2 j-^. 2. y = CiX-iH-C2X-2 + x-2f' 

5 

3. y = x2[ci 4- C2 logx + cg(logx)2]. 

4. 2/ = CiCx + ay + C2(x + «)8 + i*±^. 

b. y = x-2(ci + C2 logx) H- Cgx. 

6. j/ = x(ci cos log X + C2 sin log x + 5) + x-i(c8 H- 2 log x) . 

X"* 

8. 2/ = Cix + C2X-1 + — — -. 

m2 — 1 

x"* 

9. 2/ = x2(ci + C2logx) + 



(m - 2)2 

10. y = C.F. of Ex. 3, Art. 66, + (logx)2 + 2 logx - 3. 

11. y = x(ci + C2 logx) + csx-i + J x-i logx. 

12. 2/ = -Vlog— ^+<^il<^g^ + ^2). 

x\ X — 1 / 
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13. y = r^{ci sin log x» + ca cos log x» + log x). 

14. y = xa(cix^ + cg(c-^«) + g^ + ^ (5 sin log x + 6 cos log x) 

2 
+ Q>7oi (27 sin log X + 191 cos log x). 

o721 X 

CHAPTER Vm. 
Art. 75. 

8. y = xe-^[ ( ciz-h^dx + cs], 

4. e^y zz i^e^ixfidz + ciCe^dx + C2. 

X 6 J x^ 

6. dy = VxV + c^dx. 7. xy2 ^ Cix^ = C2. 

Art. 76. 



2. y = ci + C2X + C8x2 + ... + c„x»-i + ^= 

w H- n 



8. y = Ci + C2X + Cax^ + C4X8 + }x2 logx. 
4. y = Ci + C2X + (6 — x2) sin X ~ 4 X cos x. 

Art. 77. 

2. 3 X = 2 a^(yi - 2 Ci) (y* + Ci)* + C2. 

8. Vciy2 + y - log (Vciy + VI + Ciy) = aci v^x + ca. 

4. ax = log (y + Vy2 + ci) + C2, or y = ci'c"* + Ca'e""*. 

Art. 78. 

2. 2 (y- 6) =e»-« + «-(«-•). 8. y = cjx + (ci^ + 1) log (x - ci) + cj. 

4. 15 Ci^y = 4 (cix + a^)} + c^x + Ca. 

Art. 79. 

1. e-"* = cix + Ca. 3. log y = Cie« + Cac «. 

2. y2 = x2 4- cix + Ca. 4. sin (ci - 2\/2 y) = CaC-**. 

Art. 80. 

1. y = Ci sin ox + Ca cos ax + csX + C4. 



2. y = cie"« + Ca6-"« + C3 + C4X + csx^ + 



c^' 



a8(a2 - m«) 



ANSTfTERS. 223 



5/ ^^ '<«- V^l-4a-i 

8. y = ci + caic + x^vcso; 2 ^ ^^ 2 j when o < J 



i» 



("v/4 a2 _ 1 />. \ 
i^ log — ) when a > J. 

Art. 81. 

X X 

2. 2 oci2/=Ci2e» + e * + cg. 3. y = Ci log a; + C2. 

4. 15 y = 8(ic + cip + C2ac + Cs. 

Art. 82. 

4. y=^(i-|a,2 + 2(2. 1^2 + 4)^^2(2. 1.2+4K2. 3. 4+6) ^^,\ 

4.WxJ|a^ V^(2'2^3+6) ^,_.3(2. 2. 3+5)^(2.4. 6+7)^,^,, V 

 ^ ^v 2.5 2.4.5.9 2.4.6.5.9.13 y 

"^^^ \^"'"2T3'*'2.4.3.7"^2.4.6.3.7.1l"'"** / 

. x^  a^ . a:*^  

1.31.3.3.71.3.5.3.7.11 

6. y = ^(l — n.n + 1. — +w-n — 2.n + l.» + 3.-— j 

+ b(x -n-l-n + 2^ + w-l.»-3.n + 2.» + 4 ~ V 

A „/ 1 n . n — I ^_2 , n.n — l.w — 2.» — 3 ^_4 \ 

^ V 2.2n-l 2.4.2 9i-1.2»-3 } 

+ Bx-"-i(l+^+^-^^+^x-H^+^-^^+^-^^^-^+^x-*+...V 
V 2.2W+3 2.4.2w+3.2n+5 >/ 

Page 107. 

2. 2ay + x2 = CiVa2-x2 + C2. 5- y = ci + CaX + C8e<« + 046 «. 

8. (1 + X + x^)y = Cix2 + C2X + C8. 6. ciy = C26<^* - n Vl + a^ci^. 

■/. xy Vx2 — 1 = sec-i X + CiVx2 — 1 + C2 log (x + Vx^ - 1) + Cs. 

8. y = C2 - sin-i Cier'. 9. ?/ = Ci sin-^x + (sin"i x)^ + c^ 
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10. y = ci sin^ x-\- Ct cos a; — Ca sin'^x log tan ^• 

11. y = C2«*(x - 1) + cix + ci f xc« f x-ie-'((ix)« + cs. 

18. y = axlogx + cix + c j4 y=cix2+C2X+C8+^+?yi2x. 

18. logy-l= ,^ . . 1 

cix + c« 16. y = Cie-* + Ca + Jc** 

16. y = c-"»* f e»*n*(cix + C2)dx + cse-'^* - ^^5^-=-i. 

17. y = ci(l — xcotx) + C2Cotx. 18. alog(y + 6) = x + c. 

19. (cix + C2)2 + a = ciy2. 

a;^§-2xg + 22/= Jxy (x)dx + c,. 
81. y—b= — log sec aic(x — c). 

CHAPTER IX. 

Art. 87. 

8. y = Ax-{-Bx(x'^ei^dx-^l, 

3. y = ^e* + £c8*(4x8- 42x2 + 160X- 183). 4. y =- -\ cjx -^-Y 

Art. 88. 

8. y = Ci62» + C2e2' J e*" (to. 4. y = cie*" + c^e^ j x"^c ^(te. 

Art. 91. 

Z* J— 

8. y = ce ^x^ sin f — log x + o J. 
8. y = (ci sin V6 X + C2 cos V6 x) cos x. 4. y = e*(cix2 + C2x). 

Art. 92. 

' 8. y = csin^21ogtan-+aJ. 8. y = Ci sin (x^ + o) + 

4. y = CiCOS;-^- + C2sin-^4- 



x2 



2x2 2x2 a^T. 
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Page 120. 

1. y = -(Cie»« + C2«-«*). 4. yy/i + x^ = Cilog(x+Vl + a;2)+ c^, 

JO 

2. xy = c sin (na: + a). 6. y = Cie* + C2e**(4«8 - 42 a;2 ^ 150a; - 183). 

3. y = ex sin (nx + a). 6. y = c«i*** sin (x Vft + o). 

7. y = e-''(ci€»^2 ^. cac-'v'*). 

8. y = e*(cilogx + C2). 

9. y = cix + C2(x sin-i x + Vl - x^) - j a;(l - x^)*. 

10. y = cix + C2 cos X. 

11. y = cix2 + C2X + cs f x2 f x-8e-«dx - x (x-^e''dx\. 

12. y = cie« """'* + C2e-'"'»°~k 

r -- r J^r - 

18. y = cix + C2X J x-2e ^dx + x^x'^e ^ j xc V(«)(<^)*. 
14. 2y = x(cie2* + C2-x). 17. y2 = cx2 + cix. 

16. y = c, sin f V^^+ «V "* ^ +(^ " ^)' = *'' 

18. y = Ci 8in(wVx2 — 1 + a). 



19. y^c cos 



(w + ox\ 



1. The circle of radius — 



CHAPTER X. 
Page 124. 



K 

at+c' x+c' , 



2. A catenary, y = -[e''+6 <^j. 

3. y^ + (x — a)2 = c2, circles whose centres are on the x-axis. 

4. (x — o)2 = 4 c(y — c), a system of parabolas whose axes are parallel 

to the axis of y. 

6. X H- ci = c vers-i- — v2 cy — y*, the cycloid obtained by rolling any 

c 

circle along the x-axis from any point. 

6. The ellipses aV ^_ ^2(jj^ _ c)2 — ^4^ if the cube of the normal is 
— ifi times the radius of curvature. 
The hyperbolas a^ — k\x — c)* = a*, if the cube of the normal 

is + K^ times the radius of curvature. 
A set of parabolas if no constant is introduced at the first integration. 
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7. The elastic curve represented by the equation 

{4 K^ - (x* - a«)«}i dy = ± (ai» - a^)dx. 

•. • = Ciff^ + Cte^"^, when accel = jc^ distance from the fixed point. 
• = Ci sin (Kt + ct)y when accel = — k^ distance from the fixed point 

10. The relation between time of motion and the distance passed over is 

I = ci ± — { V«* — C8 + c log (V* + V« — c)}, according as the ac- 
celeration is ± --• 

11. s = ^- log cosh n(, if the Resistance of the air is — times the square of 

n* g 

the velocity. 



18. s = ^^^- 5Ll! ^ if the acceleration is — jc times the cube of the 

KVq 

velocity. 

18. r = 2 7-1/-=— (Emtage, Ifatftema^ical TT^eory of SlectricUy and 
Magnetiam, p. 85.) 



Hint : Put « — I equal to a new variable. 



14. » = i + («o — cos rt, « = — ic(«o — sin f ^, where /c =-\|". 



16. -^, if acceleration is — -^^ 



J - « 



17. i= ^ \e »ifcV'(0<tt-« *'«f«V'(0<tt| 

where Tx = ^^ ^ and T, = ^^^ 



18. Same as in 17 with/(0 substituted for /'CO- 

19. i = e «^(ci + C40. «0. i- = j8in ^ 



vTc 



81. tf - a = CiC-«* sin (^««-it*+c,) for w > jt ; 

tf — » = cie-<«~^«*-»*>' H- C2«~^*"'"^«' -•*•)* for «< ic. 
. 6J?/y = P(8Pa;-x8). 88. 24^/y = tp(4l«a; -oe*). 
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M. The general solution is 

On applying the conditions of Ex. 22 to determine the constants, 



and therefore, y =:^(l _ cosh^xJ + ^- 



CHAPTER XI. 

Art. 98. 

2. x = e*(^co8« + 5sinO, y = e^l(A- B) cost -{-(^A^ B) sin t}. 
8. a; = cie-* 4- Cae* + f «2r _ j ^ _ j|, y = _ ci<»-* + cj** + ^ tf2» _ j ^ _ jj. 

6. a; = (ci+CaO^' + Cca+CiO^"'? 2y=(c2— Ci— C20«' — (C84-C44-C4^)«**. 

Art. 99. 
8. a;* = «* + Ci, «" = y* + C2. 4. 5; = — — log - + Ci, y — x = cxy. 

5. ofi — y^ z= ci*, x' + - = C2. 

z 

6. ax2 + 6y2 4- c«2 = ci, a^a;^ + 6 V + c*«* = Ca- 

Art. 103. 
8. (y + «)e* = c. 4. X — cy — y log 2? = 0. 

5. e*2(y + «* + a?) = c. 6. y{x ■\-z)= c(y + c). 

Page 143. 



2. a; = (ci sin < + C2 cos 0«"* + 



8 

31 g< 93 
26 17' 



y =[(cij - ci)8in« -(C2 4- ci) cosqc* -^ + ^. 

8. J/ = (ci + C2X)€* +3 cse'i' - i x, « = 2(3c2 - Ci - C2a;)c« - Cs«"l* — f 
4. a; = Ci6-» + C2e-7' _ ^ + yV« - Jf^, 
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9. log xyz -\-x-\-y + z = c. 

X y 11. x' + «y* — u + «*« = c. 

18. z^ + (x-ay+(y'-by = h^. 

X = Ci cos V3 i + C2 sin V3 ^ + c« cos \/2 f + C4 sin V2 < 

- tHi«* + Y\«e» - T>j - Jco82^ 
y = -3 ci cos V3 1 - 3 C2 sin VS « - 2 cs cos V2 < - 2 C4 sin \/2 « 



18. 



«u 



14. x = e^fciCosl?^+C2sin^Ue ^"2(08003^4. c* sin :?^V 
V V2 V2/ \ V2 >/2/ 

y = e^2/c^ginM_cco8M\+c~^Cc4CosM_csinMV 
\ V2 V2/ V V^ v^/ 

X = ai sin k^ + a2 cos /ciH- 08» 
1ft. ' y = bi sin «rt + &s cos ice + &8) 
z = Ci sin Kt + C2 cos Kt + Cs, 
where «* = P 4. ^a _}. ^2 ; and tlie arbitrary constants are con- 
nected by the following relations : 

mci — nbt _ nai — lc\ __ Ibi — ma\ _ , 
_ _ ic, 

Gi €>2 C2 

lai + mbi + nci = 0, ^ = ^ = ^. 

I m n 

16. See Forsyth, Diff, Eq,, Ex. 3, Art. 174 ; Johnson, Diff. Eq., Art. 242. 

17. X + rrny = cie(«+"H«')*« + c2€-(«+"h«')**, 

where «ii and m2 are the roots of a'm^ + (a — 6)m — 6 = 0. 
Ex. 16, p. 269, Johnson, Diff, Eq. ; Ex. 4, p. 270, Forsyth, Diff. Eq. 

18. When the horizontal and vertical lines through the starting point 

in the plane of motion are taken for the x and y axes, the equation 
of the path is 

x = VQt cos 0, y = vot sm</> — I gfi ; 

and the elimination of t gives the parabola y=xtsai^—lg . 

Vo'^ cos- 

19. Axes being chosen as in Ex. 18, 

x = H2cos0(l-e-«), y = -2e + £Hosin0Jii[(i»c-c*). 
c c c^ 
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20. For upper sign : the hyperbola (aiy — bix) {b2X-a2y) = (fli&a - aihy. 
For lower sign : the ellipse (aiy— 6ix)2 +(02^—6235)^= («i&2—02&i)*- 

CHAPTER XII. 

Art. 108. 
2. z = px + qy -\- pq. Z. p = q. 4. g' = 2 yp'^. 6. « = pq. 

dx2 Vdx; dx ^ dy^^Kdv) By 

Art. 109. 

2. yp — xq = 0. 3. (Z + wp)y + 2f(Zg — mp) = (w + ng')x. 

dx dy ^ d2/'^ 6x2 

Art. 116. 
2. 2: = €«0(ac — y). 8. Zx 4- wiy + n« = <f>(x'^ + y^ + «'^). 

4. 1 - 1 =/f -^ - IV 6. /(x2 - ;?2 x8 - y^)= 0. 

X y \x zj 

Art. 117. 



2. x,.-3u = 0(|.?) 



Art. 119. 

m 



8. 2J= a(xH =iy ) + c. 4. « = mxH- ye « +c 

V 2+VlO / 



5. z = ax-\-^-\-b. 



a 



Art. 120. 

2. « = ao; + 6y — 2Va6. 



Art. 121. 

2it3 



2. 2r^***+^-^ = ftj-y. 8. (0 + a2)3=(a; + ay + c)2. 

I 4. 4 c(« - a) = (x + cy -f &)2 + 4. 

5. «2 ^ [zVz^-ia'^ - 4 a2 log (2 + Vz^-4a'^)'\ = 4(x + ay + 6). 
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Art. 122. 

2. 2* = (x + a) J + (y + a)i + 6. ^. z = i(2z- ay -\-ah^-\-b. 

8. z =ax-{-aY + ^' 6- « = !(« 4- a)"^ + 1(2/ - a)^ + &. 

6. z-^ = X Va;^ + a^ 4- v Vi/^ - a'^ 4- a^ log gJ:>^ ^-±-gg + 6. 

Art. 123. 

2. 2? = (x + a) (y + 6), S.T. is « = 0. 

Another form of the C.I. is 2Vz = - + ay + 6. 

3. C.I. \Bz = aV + (a« + &)*• 

Art. 125. 

Art. 126. 
2. a;=/W+0(2/). 8. ^zzx/dJ+iJ'd). 

Art. 128. 

2. « = 0(y-2x)+^(|/-x). 8. 5f = 0(y + 3x)+f(y-2x). 

Art. 129. 

1. ;5 = X20l(2/ + «) + «02(y + a) + ^8(y + X), 

Art. 130. 

12 6 ** 

Art. 131. 

^. z = 0(x + y) + ^^|y{y - x). 6. « = e*0(y) + €-*^(x 4- y)- 

6. ^J = e*0(2/ - x) + e--^\p(y + x). 

Art. 132. 

8. -(ye^+^v + ^^y^^^xhj-{-ix^-hixy-\-^jX), J sin (x + 2 y) - x^i', 

^ I e'-y + J x2y + f x2 + ixy 4- f X + iy + V- 
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Art. 133. 

30 
3. 2? = 0(a2 + y2) + ^(a;2 - y2). (p^t « for i x^ y for i y2.) 



2. 0(«^)+«^(a;2y)+ 3^ 



Page 187 
I. z = 



2. x^ + ^ -\- z^ = z<t>l-y 6. alog2; = acaj + (l -ac)y4- 6. 

« \x xj a^ \y2 x2/ 

4. 1^-11^= ^f^-n^V 8. + >/x2 + v2 + ;j2 = a.i-«0/2'y 

5? — c \2 — c / ' \xl 

9. ti>(^ILzl^ ^JzJ^\ = o. 10. a + y + « = 0(a;y0). 

\y — « y — zl 

11. {cos(x + y) + sin(a; + y)}^*-* = 1 «^^ tan (^ - ^-±J^) | . 

12. vTT^-log ^+^^ + ^^' = x + ay+5. 

18. x^ = ay + 2V^ + 6. ^^ ^ ^ ^^ ^ ?^=y + c. 

14. («-6-alog5c)2 = 4a«y. n±Vn2-4 

16. z^ax-\-hy + cVl + aS + ja. g.i, jg a;2 + y2 ^. 2-2 == c2. 

17. z = ax+(l- Va)2y + 6. 18. ;? = axe*' + J a2g2r + ft. 

19. az-l = ce'+^». 

20. (1) 2«=f^+ayy + 6; (2) z = xy -\-yVx^ - a^ + 61 ; 

(3) 2 = xy + X V^+^ + 62. 

21. « = I a log (x* + y2) + Vl — a^ tan- J- + 6. (Change to polar co-ordi- 

nates.) 



2-1 w + 1 n + 1 

28. « = a\/xT7+ Vl - a^ Vx -y H- &. (Put Vx -f y = «, Vx - y = c.) 
24. z = axy + a\x + y)-{-b. (Put xy = v, x + y = w.) 
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26. Vl + a z=z2 y/x-\-ay + h. 27. zy^ = xy-\- F(x) + ^(y). 

26. z = 3fiy'^ + </>(^y)\ogx-{-i^{y). 28. y = x<f>{z) + }f^(z). 
29. ac = <^(«)+ ^(a + y + «). 

80. (7i-l)2jy + ax = e<» i)«^(y)+/(y). 

81. 2? = (e-S^'^'^[eS^'^^F(y)dx + 0(y)l<iB + yp(y). 

82. ar = I yr.2 log x + xVC^) + ^C^)- 
88. z = i x'^y - xy + 0(y) + e-«V(2^). 
84. 4 2? = a;V + 0(y) + ^(x). 

24 o 

86. y + X(p(ax + by -\- cz) = ^(ax + 6y + c«). 

87. Sz = ax(y^ - 1) (y^ + 2) + 0(a;) VT^ -f ^(y). 

88. 4« = 5a^2_,. f^/yy^j + ^Cy). 
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134, 140, 141, 158. 

mechanics, 58, 122, 144. 

physics, 62, 122, 126, 144, 145. 
Auxiliary equation, 65-67, 175. 

Bessel's equation, 105, 106. 

Characteristic, 151. 
Charpit, method of, 166. 
Clairaut's equation, 36, 44. 
Complementary function, 63, 174, 179. 
Condition that equation be exact, 18, 

92,197. 
Constants of integration, 2, 149, 194, 

195. 
Criterion for independence of, con- 
stants, 195. 
integrals, 197. 

of integrability, 136, 138, 200. 
Cuspidal locus, 47. 

Derivation, of ordinary equations, 4. 

of partial equations, 146, 148. 
Discriminant, 40. 

Envelope, 41-44, 150. 
Equation, Equations. 

Auxiliary, 65-67, 175. 

Bessel's, 105, 106. 

Clairaut's, 36, 44. 

Decomposable, 31. 

Definitions, 1, 17, 92, 14(>. 

Derivation of, 4, 14«7, 148. 

Exact, 17-19, 92-94, 197. 

Geometrical meaning, 8-10, 134, 
140, 142, 158. 

Homogeneous, 15, 35, 82-84, 90, i:'8, 
174. 



Equation, Equations. 
Invariants of, 204. 
Laplace's, 182. 
Legendre's, 90, 105. 
Linear, ordinary, 26, 28, 63, 64, 70, 

82-84, 90, 101, 128. 
Linear, partial, 153-158, 173. 
Linear, simultaneous, 128-133. 
Monge's, 171. 

Non-homogeneous, 16, 179. 
not decomposable, 32. 
of cuspidal locus, 47-49. 
of envelope, 42. 

of hypergeometric series, 105, 107. 
of nodal locus, 45, 48, 49. 
of second order, 109-119. 
of tac-locus, 45, 48, 49. 
Partial. 
Partial, definition, derivation, 2, 

146, 148. 
Partial, linear, 153-158. 169-187. 
Partial, linear homogeneous, 174- 

178. 
Partial, linear non-homogeneous, 

179-181. 
Partial, non-linear, integrals of, 149- 

153. 
Partial, of first order, 149-169. 
Partial, of second and higher orders, 

169-187. 
Poisson's, 186. 

Reduction to equivalent system, 189. 
Riccati's, 105, 106. 
Simultaneous, 128-1 .U. 
Single integrable, 136, 138, 200. 
Single non-integrable, 142. 
Transformation of, 28, 90, 114, 115, 

117, 182. 
Works on, 205-207. 
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Existence Theorem, 190. 

Factors, integrating, 21-26. 

Geometrical meaning, 8-10, 134, 140, 

142, 158. 
Geometry. See applications. 

Homogeneous. See equation. 
Hypergeometric series, equation of, 
105, 107. 

Integrability, criterion of, 136, 138, 

200. 
Integral, integrals; also see solution. 

and coefficients, 199. 

complete, 64, 149. 

first, M. 

general, 150. 

of linear partial equations, 153. 

of simultaneous equations, 133. 

particular, 6, 64, Vi-SO, 87-90, 149, 
176, 180. 

relation between. 111. 

singular, 150. 
Integration, constants of. See con- 

stants. 
Integrating factors, 21-26. 
Invariants, 204. 

Lagrange's solution, 154, 155. 
I^Agrangean lines, 155. 
Laplace's equation, 182. 
I^gendre's equation, 105. 
I^>cus, 8, 42, 45, 47-49, 141, 151. 

Mechanics, applications to. See appli- 
cations. 
Modern theories, 202. 



Mouge's equations, method, 171. 

Nodal locus, 45. 48, 49. 

Particular integrals. See integral. 
Physics, applications to. See applica* 

tions. 
Poisson's equation, 186. 

Reduction of equations to equivalent 

system, 189. 
Relation between integrals. 111. 
Relation between integrals and coeffi- 
cients, 199. 
Removal of second term, 115. 
Riccati's equation, 105, 106. 

Series, equation of hypergeometric, 
105, 107. 
integration in, 101. 
Solutions, 2, 6 ; also see integrals. 
Spherical harmonics, 183, 184. 
Standard forms, 169-165. 
Summary, 38, 48. 
Symbol 7>, 67, 68. 

Symbolic function 7-7:7 » 70. 
Symbolic functions /(^), -f-, 86. 
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Symbolic f unctions /(I>,D'), 
174, 176. 
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Tac-locus, 45, 48, 49. 
Theories, modern, 202. 
Trajectories, 55-57. 
Transformations. See equations. 

Works on differential equations, 205. 
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